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Abstract
In Renegotiation in Repeated Games [1989], J. Farell and E. Maskin present, among
other results, sufficient conditions for payoffs to be “weakly renegotiation-proof”. We show
that a step in the corresponding proof is not correct by giving a counterexample. We then
provide a correct proof with slightly more demanding sufficient conditions.
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1

Introduction

Farrell and Maskin [1989] introduce the concept of a weakly renegotiation-proof (subsequently
abbreviated as WRP) subgame perfect equilibrium and provide a characterization of WRP
payoffs for general two-player games. In their Theorem 1 they give sufficient conditions, and
also necessary conditions, for strictly individual rational payoffs to be WRP. Note that this
is not an equivalence theorem, as their sufficient conditions are a bit stronger than their
necessary conditions. In this note, we provide a counterexample to show that their proof
of the sufficient conditions fails at a particular step. We then provide a corrected proof for
slightly more demanding sufficient conditions.
The problem in the original proof of Farrell and Maskin [1989] is in the construction of a
WRP equilibrium, and more precisely in Footnote 6 on page 334 and the text preceeding it: it
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suggests that an action profile with particular properties always exists. This is disproved by a
counterexample in our Section 4. The particular action profile was needed to implement what
is called the normal phase (the equilibrium path of play). This normal phase is sustained
by a punishment phase for each player, which is employed if the player deviates. We replace
the normal phase construction of Farrell and Maskin [1989] with another construction. The
latter is based on an existence result (our Proposition 1) which is a weaker version of what
is suggested by Farrell and Maskin [1989] Footnote 6. We then need to slightly amend the
construction of the punishment phase for one of the players. This latter amendment is the
reason for the slightly more demanding sufficient conditions for WRP payoffs that we establish
in this note. It is slightly more demanding in that one of two weak inequalities of the original
conditions must hold as a strict inequality in our Theorem 1. Note that the original conditions
may still be sufficient, but we have not been able to find a proof nor a counterexample.
This note is written in such a way that in order to understand the problem in the original
proof and also to understand how to fix it the reader does not need to read Farrell and Maskin
[1989]. If the reader wants to understand the whole proof, however, the reader needs to read
both this note as well as Farrell and Maskin [1989]. In particular we do not prove that the
constructed strategy profile is indeed a subgame perfect equilibrium of the game as this part
of the proof is just as it is in Farrell and Maskin [1989]. We also rely on Lemma 1 on page
355 of Farrell and Maskin [1989] in our proof, which we do not reproduce here.

2

Setup

We adopt, as much as possible, the original notation from Farrell and Maskin [1989, Section
2].1 The stage game is a finite two-player game with mixed action set Ai for each player
i = 1, 2. Let A ≡ A1 × A2 be the set of mixed action profiles and, for each player i = 1, 2, let

gi : A −→ R denote player i’s expected payoff as a function of the mixed action profile. Let
g = (g1 , g2 ) also denote the stage game itself. We denote by U the set of feasible stage game

payoffs (or payoff profiles), that is
n

o

U = (v1 , v2 ) ∈ R2 | ∃ a ∈ A with g (a) = (v1 , v2 ) .
Let V denote the convex hull of U .

As in Farrell and Maskin [1989] let, for each player i = 1, 2, v i = minaj ∈Aj maxai gi (ai , aj )
1

The only deviation from the original notation is our introduction of U (denoted by image(g) in Farrell and
Maskin [1989]) for the set of possible payoffs that can be sustained by a mixed action profile in the stage game.

2

denote player i’s minimax payoff.2 The set of strictly individually rational payoffs is given by
V ∗ = {(v1 , v2 ) ∈ V | v1 > v 1 , v2 > v 2 } .
The repeated game, denoted by its payoff function g ∗ , is the infinite repetition of the
stage-game g at discrete points in time t = 1, 2, . . . , ∞. Players, at each time t, are able

to observe the full history of mixed action profiles (not just their realizations).3 A repeated
game strategy, for each player i = 1, 2, is denoted by σi and specifies a mixed action for
each possible finite history. Player i’s discounted average payoff at time t is then given by
g ∗ (σ, δ) = (1 − δ)

P∞

τ =t δ

τ −t g (a (τ ) , a (τ )),
i
1
2

where δ < 1 is the common discount factor for

both players, and ai (τ ) is player i’s mixed action at period τ that is induced by the repeated
game strategy profile σ = (σ1 , σ2 ).
A weakly renegotiation-proof equilibrium is defined as follows.
Definition 1 (Farrell and Maskin, 1989). A subgame perfect equilibrium σ is weakly renegotiationproof (WRP) if there do not exist continuation equilibria σ 1 , σ 2 of σ such that σ 1 strictly
Pareto-dominates σ 2 . If an equilibrium σ is WRP, then we also say that the payoffs g ∗ (σ, δ)
are WRP.
A continuation equilibrium of a subgame perfect equilibrium σ is an equilibrium induced
by σ in some subgame.

3

Result

For each player i = 1, 2 and for j 6= i, let
gi (a0i , aj )
ci (a) = max
0
ai ∈Ai

denote player i’s profit-maximizing deviation from action profile a ∈ A. The following theorem

is the main result of this note. It provides slightly more demanding sufficient conditions
(compared to Farrell and Maskin [1989, Theorem 1]) for WRP payoffs.
Theorem 1. Let v = (v1 , v2 ) be in V ∗ . If there exist two action profiles ai = (ai1 , ai2 ) (for
i = 1, 2) in g such that (i) ci (ai ) < vi , while (ii) gj (ai ) ≥ vj for j 6= i, with at least one

of the two latter (ii) inequalities holding strictly, then the payoffs (v1 , v2 ) are WRP for all
sufficiently large δ < 1.
2

Contrary to Farrell and Maskin [1989], we find it more convenient not to normalize minimax payoffs to
zero. This has no consequences for the results.
3
Note that there is no public randomization device in this setup.
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The problem in the original proof

In this section we identify and explain the problem in the original proof. The problem is in
Farrell and Maskin [1989, Footnote 6]. This footnote, together with the text preceding it,
suggests that the following conjecture is true.
Conjecture 1. Let v ∈ V ∗ \ U and a1 , a2 ∈ A such that for each i = 1, 2 and j 6= i, ai

satisfies gj (ai ) ≥ vj and ci (ai ) < vi . Then there exist an action profile ã ∈ A and i ∈ {1, 2}

such that v is a convex combination of g(ã) and g(ai ).

In words this conjecture states that, under the stated conditions, one can find an action
profile that has a stage game payoff profile that is on the line that connects v and g(a1 ) or
that connects v and g(a2 ) such that v is in-between the other two payoff profiles on this line.
Note that Conjecture 1 is not formally stated in Farrell and Maskin [1989], but is strongly
suggested. Yet there is an other, less plausible, interpretation: if there exists a1 , a2 as in
Conjecture 1, then there exist (possibly different) action profiles â1 , â2 satisfying the conditions
and the conclusions of Conjecture 1, so that the construction of Farrell and Maskin [1989] is
still possible. In this case there would be a missing proof rather than an error in Farrell and
Maskin [1989], and our note proposes a different method.

4.1

A counterexample to Conjecture 1

Consider the two-player game where players 1 and 2 can choose between two pure actions
{u, d} and {l, r}, respectively, and the stage-game payoffs are given by the payoff matrix
shown in Table 1.

u
d

l
0, 0
4, 0

r
2, 2
0, 0

Table 1: Payoff matrix of the counterexample.
For p, q ∈ [0, 1], we denote by (p, q) the mixed strategy profile in which player 1 randomizes

between u and d with probabilities 1 − p and p, respectively, and player 2 randomizes between

l and r with probabilities 1 − q and q, respectively.

The set of feasible payoffs V is the convex hull of the payoff profiles
(0, 0), (2, 2) and (4, 0)
o
n
and the set of strictly individually rational payoffs is given by V ∗ = v ∈ V |v1 > 34 , v2 > 0 .

Figure 1 illustrates how the set of mixed-strategy payoffs U is included in the set of feasible
payoffs V .
Consider the strictly individually rational payoff profile v = (5/2, 1), which is not obtainable with mixed strategies, i.e., v ∈ V ∗ \ U . Consider the mixed action profiles a1 = (1/4, 7/8)

and a2 = (1, 5/16). Straightforward calculation yields g2 (a1 ) = 21/16 > 1, c1 (a1 ) = 7/4 <
4

Player 2’s payoﬀ

U
b

V \U
V∗

b

v

Player 1’s payoﬀ

b

b

b

b

4
3

v1 =

Figure 1: Illustration of U and V ∗ .
5/2, g1 (a2 ) = 11/4 > 5/2, and c2 (a2 ) = 0 < 1. Thus, the two action profiles satisfy conditions
(i) and (ii) of Theorem 1.
Note, however that there is no mixed action profile ã ∈ A that provides a stage game

payoff profile such that v is a convex combination of this payoff profile and the payoff profile
given by one of the two action profiles a1 or a2 . This fact is illustrated in Figures 2 and 3.
In either case the line connecting payoff profiles v and g(ai ) does not intersect with U on the
“other side” of v from the point of view of g(ai ). Thus, Conjecture 1 is not true.
Player 2’s payoﬀ

U
b

V \U
g(a1 )
bc

b

v

b

l1

b

b

g(a2 )

Figure 2: Construction with payoffs g(a1 ).
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Player 1’s payoﬀ

Player 2’s payoﬀ
l2
U
b

V \U
g(a1 )
bc

b

v

b

b

b

g(a2 )

Player 1’s payoﬀ

Figure 3: Construction with payoffs g(a2 ).
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Proof of Theorem 1

For the proof of Theorem 1, we replace Conjecture 1 with the following proposition.
Proposition 1. Let v ∈ V ∗ \ U . If there exist action profiles a1 , a2 ∈ A such that gi (ai ) < vi

and gj (ai ) ≥ vj for all i ∈ {1, 2} and j 6= i then there exist action profiles a1∗ , a2∗ ∈ A that
satisfy

(a) v is a convex combination of g(a1∗ ) and g(a2∗ ), and
(b) g1 (a1∗ ) ≤ v1 ≤ g1 (a2∗ ), g2 (a1∗ ) ≥ v2 ≥ g2 (a2∗ ),
with at least one of the four inequalities in (b) holding strictly.
In order to prove Proposition 1 the following lemma is useful.
Lemma 1. Let v ∈ V ∗ \ U . Then there exist two payoff profiles v 0 , v 00 ∈ U such that v is a
convex combination of v 0 and v 00 .

Proof: The proof is constructive. Let v ∈ V ∗ \ U , i.e. v is in the convex hull of U but not

in U . Then by Carathéodory’s Theorem there are three action profiles a1 , a2 , a3 such that v

is a convex combination of g(a1 ), g(a2 ), g(a3 ). Note that as v 6∈ U payoff profile v cannot be
equal to any of the payoff profiles g(a1 ), g(a2 ), g(a3 ). Let us consider the line that connects v

and g(a1 ). If g(a2 ) or g(a3 ) also lie on this line the claim of the lemma is true as then v is the
convex combination of two payoff profiles g(a1 ) on the one hand and g(a2 ) or g(a3 ) on the
other. Suppose then that neither g(a2 ) nor g(a3 ) are on the line connecting v and g(a1 ). This
line separates R2 into two half-spaces and g(a2 ) and g(a3 ) must each be in the strict interior

of one of the two half spaces and each half-space must contain exactly one of the two payoff
6

profiles.



For α ∈ [0, 1], let ξ(α) = g αa1 + (1 − α)a2 denote the payoff profile induced by each player

b

g(a1)

l

×
v
b

ξ

b

b

g(a2)

g(a3)

l′

Figure 4: Construction of v as a convex combination of two payoffs v 0 , v 00 ∈ U .
independently randomly mixing between playing (their part of) a1 with probability α and
a2 with probability 1 − α. Function ξ is a continuous path that connects g(a1 ) and g(a2 )

within U . Therefore it necessarily crosses l or l0 , where l (resp. l0 ) is the half-line contained
in the line that connects v and g(a3 ) (resp. g(a1 )), that starts from v and does not contain
g(a3 ) (resp. g(a1 )). If the intersection point v 0 lies in l then v is a convex combination of v 0

and v 00 = g(a3 ), and if it lies in l0 then v is a convex combination of v 0 and v 00 = g(a1 ) (see
Figure 4).

QED

Proof of Proposition 1: Let v ∈ V ∗ \ U and suppose action profiles a1 , a2 ∈ A are such

that gi (ai ) < vi and gj (ai ) ≥ vj for all i ∈ {1, 2} and j 6= i. By Lemma 1 there are two payoff

profiles v 0 , v 00 ∈ U such that v is a convex combination of v 0 and v 00 . Let a0 , a00 ∈ A denote two

action profiles that satisfy g(a0 ) = v 0 and g(a00 ) = v 00 . If the line that connects v 0 and v 00 has
a negative slope then we are done. So suppose not. Then one of v 0 , v 00 is strictly greater than
v in both arguments and the other is strictly less than v in both arguments. Without loss of
generality let v 0 be strictly greater than v in both arguments.
For α ∈ [0, 1], let ξ(α) = g (αa0 + (1 − α)a00 ) denote the payoff profile induced by each

player independently randomly mixing between playing (their part of) a0 with probability α

and a00 with probability 1 − α. Then ξ is a continuous path that connects v 0 and v 00 within U .
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Player 2’s payoff
u

l
v′
b

b

+

g(a1 )

v
b

l′
b

b

g(a2 )

v ′′

u

Player 1’s payoff

Figure 5: Construction of g(a1∗ ) and g(a2∗ ).
Therefore it necessarily crosses l or l0 , where l (resp. l0 ) is the half-line contained in the line
that connects v and g(a2 )) (resp. g(a1 )), that starts from v and does not contain g(a2 ) (resp.

g(a1 )). If the intersection point ṽ = g(ã) lies in l then one can set a1∗ = ã and a2∗ = a2 , and
if it lies in l0 then one can set a1∗ = a1 and a2∗ = ã (see Figure 5).

QED

Proof of Theorem 1: Let us construct a WRP equilibria with payoff profile v. The corresponding strategy profile has three phases. A normal phase, which consists in playing some
infinite sequence of actions, and a punishment phase of finite length for each of players 1
and 2. The game starts in the normal phase. If any player ever deviates at any stage from
the proposed strategy, play (re)enters the punishment phase for this player. If both players
deviate at some stage, play (re)enters the punishment phase of player 2. When they have run
their course without further deviations, play reverts back to the normal phase.
The normal phase construction is as follows. Recall the conditions of the theorem. There
exist action profiles ai = (ai1 , ai2 ) (for i = 1, 2) in g such that (i) ci (ai ) < vi , while (ii)

gj (ai ) ≥ vj for j 6= i, with at least one of the two latter (ii) inequalities holding strictly.
Without loss of generality assume that g2 (a1 ) > v2 . If v ∈ U the normal phase can be given
as simply playing the action profile that yields a stage game payoff profile of v in every stage.

If v 6∈ U , by Proposition 1 there are action profiles a1∗ , a2∗ ∈ A such that v is a convex
combination of g(a1∗ ) and g(a2∗ ), and g1 (a1∗ ) ≤ v1 ≤ g1 (a2∗ ), g2 (a1∗ ) ≥ v2 ≥ g2 (a2∗ ), with at
8

least one of the latter four inequalities holding strictly. Fix a payoff profile w on the line that
connects g(a1∗ ) and g(a2∗ ), different from v and such that max(g1 (a1∗ ), g1 (a1 )) ≤ w1 ≤ v1 .

By Lemma 1 on page 355 of Farrell and Maskin [1989], for any sufficiently large δ there exists
an infinite sequence of action profiles a(t) ∈ {a1∗ , a2∗ } that yields a discounted average payoff

profile of v in such a way that the continuation payoff for player 1 at every stage is between

v1 and w1 .4 Similarly, there exists a second sequence of action profiles a(t) ∈ {a1∗ , a2∗ } that

yields a discounted average payoff profile of w so that the continuation payoff for player 1 at
every stage is between v1 and w1 .5 In other words continuation payoff profiles are on the line
segment between v and w for both sequences of action profiles. The normal phase consists
in playing either the first or the second sequence. At the beginning of the game, the first
sequence is played.
For player 2’s punishment phase, we proceed exactly as in Farrell and Maskin [1989].6 Play
is given by a finite repetition of a2 of appropriate length, before play reverts to the beginning
of the first sequence of the normal phase.
For player 1’s punishment phase, play is given by a finite repetition of a1 of appropriate
length, before play reverts to the beginning of the second sequence of the normal phase.
By construction any two continuation equilibria of the so constructed strategy profile are
not Pareto-rankable (see Figure 6). The proof of subgame perfection can then be done as in
Farrell and Maskin [1989] and is omitted here.

QED

Figure 6 also illustrates why the construction in the proof of Theorem 1 does not work
if we have that g2 (a1 ) = v2 and g1 (a2 ) = v1 . It is possible that, to construct the normal
phase, we need to play a sequence of two action profiles whose payoff profiles are on a line
with a strictly negative slope. It then must be that along the path of play at some stage the
continuation payoff for one of the two players exceeds this player’s payoff in v. But then the
punishment phase for one of the players contains Pareto-dominated continuation payoffs.
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5
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6
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Player 2’s payoff
g(a1∗ )
bc

g(a1 )
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w

b

v

g(a2∗ )
bc
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g(a2 )
Player 1’s payoff

Figure 6: Construction of a WRP strategy profile.
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