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Introduction

Businesses that involves dynamic agency often face the problem of providing incentives
for agents when a continual, costly project search is delegated to agents, and the agents
privately know the hidden characteristics (shocks) of the projects discovered. Although
the agents constantly search for projects, all of the projects are usually discovered at
random times due to significant uncertainty. For instance, an R&D department manager1 must exert costly effort to continue searching for R&D projects, since innovation
is a continuous process, and the consequent competition will be constantly intense; the
projects, in contrast, normally arrive at random times. However, the project qualities (or
shocks) that this manager takes to generate R&D outputs from the discovered projects
are, in most circumstances, only known perfectly to himself. Clearly, executives’ private
shocks, in terms of adverse selection, must be considered when deciding on their incentive
packages, in addition to performance measures. Moreover, moral hazard arises because
he needs to exert unobserved costly effort to increase the likelihood that a new project
will be found. The firm owner must design an optimal contract that can motivate the
manager to truthfully reveal the quality of projects (or his private shocks) and obediently follow effort recommendations over time. Consider another example of contracting
with a firm’s CEO. The CEO needs to persistently make every effort to discover and
develop profitable business projects, while knowing more about the production and market demand concerning all of the projects, which vary over time. To design an optimal
investment and compensation scheme, the investor needs to identity this CEO’s private
information; otherwise, the CEO has an incentive to mis-report based on private benefits
or the empire-building incentive (as in Stulz (1990)[43], Harris and Raviv (1996)[18], and
Bernardo et al. (2001)[6]).
A few questions remain, however, that are important and desirable for relevant business
practices. How do companies prevent managers from untruthfully releasing their private
information? How does private knowledge affect managers’ hidden effort on continual
project search? How should the optimal compensation scheme be designed for managers
over time? Can it achieve any efficiency? Motivated by these questions, in this paper we
examine the optimal continuous-time contracting problem of the dynamic delegation of
project search, in the presence of the repeated adverse selection that arises from repeated
private shocks from the projects and the dynamic moral hazard that arises from the agent’s
hidden effort in project search. Moreover, the findings from this study may also shed light
on other contexts in dynamic (continuous-time) optimal contracting, in addition to the
dynamic delegation of project search.
The continuous-time principal-agent problem has attracted much attention recently
from economic theory researchers. Sannikov (2008)[40] introduces a continuous-time
principal-agent model that focuses on the dynamic properties of optimal incentive provision with moral hazard, and provides conditions under which the principal will compel the agent to retire early, depending on general outside options. Many studies have
been carried out to extend Sannikov’s (2008)[40] work. Most of them considers dynamic
1
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moral hazard in different settings.2 There are a few exceptions.3 Sannikov (2007a)[38]
investigates an optimal dynamic financing contract for a cash-constrained entrepreneur
who privately knows the constant quality of the project. Zhang (2009)[53] and Tchistyi
(2006)[45] investigate persistent hidden information by assuming that the private shock
is a Markov switching process, and Williams (2009) studies a similar model with a hidden
diffusion process. Zhu (2013)[54] explicitly derives the optimal dynamic incentive contract in a standard continuous-time agency setting in which the agent is shirking. Mason
and Välimäki (2015)[32] examine dynamic incentives to complete a project that requires
continuous-time effort input. Williams (2015)[51] proposes a solvable continuous time
dynamic principal–agent model.
This paper examines the determinants of executive compensation with a continuoustime principal-agent model. Our model represents a significant departure from the previous studies of continuous-time agency, as described above, since they allow the agent to
have repeated, independent and identically distributed (i.i.d.) private shocks,4 in addition
to dynamic project search efforts. The assumption of i.i.d. is a simplification of reality
that provides a tractable framework for investigating contracting and games subject to
repeated adverse selection. To the best of our knowledge, this is the first article to allow
for i.i.d. private shocks in a continuous-time principal-agent model. We (1) identify the
factors that cause the manager to truthfully report the values of shocks; (2) investigate
the degree to which current and future payments motivate the agent; and (3) discuss how
the payment is dynamically loaded to provide the incentive.
In our model, at the initial time, the principal (or firm owner; she) commits to a
contract contingent on the arrival of projects and the binary values of the shocks reported
by the agent (or manager; he). Such a contract specifies the payment the principal makes
to the manager when a new project arrives. The agent’s payment is subject to two types
of uncertainty or risk. The first is the uncertainty of the project’s arrival, and the second
is the uncertainty of shock values. Hence the principal incentivizes the agent not only
through current consumption (instantaneous payment) but also through the level and risk
of future consumption. The agent has an initial reservation utility to accept the contract.
We focus on the setting in which the agent’s payments are bounded in our model;5 his
continuation value process takes value in a bounded set that is called “the feasible set.”
This is beneficial for discussing the limits of continuation values and identifying explicit
boundary conditions for the Hamilton-Jacobi-Bellman optimality equation. As a result, if
the agent’s continuation value reaches the minimum value of the feasible set, he will have
2

He (2008)[20] investigates the moral hazard problem with firm size change. Biais et al. (2010)[8]
investigate optimal contracting when the agent’s hidden effort can delay the arrival of loss. Hoffmann
and Pfeil (2010)[21] and Li (2011)[30] examine problems similar to Sannikov and Skrzypacz (2010)[41]
with persistent but public exogenous disturbances, which are explained as luck.
3
Sung (2005)[44] and Cvitanic and Zhang (2007)[11] investigate optimal lump-sum contracts when
the agent has hidden constant ability.
4
Malenko (2011)[31] also applies i.i.d shocks to investigate optimal auditing and internal capital
design. When the manger is not audited, the optimal contract is pooling, because in Malenko’s model
the manager’s instantaneous utility is not dependent on shocks, as Malenko notes in the paper.
5
This setting also has economic rationales in contracting problems. See Jewitt et al. (2008)[25] among
many others.
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to quit involuntarily if moral hazard is involved. If that value reaches the maximum, he
will attain ownership.
An optimal contract can be described in terms of the agent’s continuation value as a
single state variable; that is, the manager’s total future expected utility. Different from
Sannikov (2008)[40], the continuation value process is contingent on the agent’s report.
Before he reports a new project, the continuation value is continuous in time. The value
process jumps when a new project arrives and its shock is reported. This shock-dependent
jump and payment must be carefully designed to reveal the true value of the shock.
An important finding is that the difference of the utilities of current consumption upon
different values of shocks must be proportional to the difference of jumps to induce the
agent to report the shocks truthfully. Meanwhile, the agent’s optimal choice of effort level
is determined by the expected sum of his utility of current consumption and the jump, in
which the expectation is taken with respect to the shocks.
We also find that the efficiency of the consumption distribution and incentive provision
can be improved if the agent is expectably rich enough; that is, his continuation value is
sufficiently high. This is because in our setting, the cost of compensating the agent for
his participation is proportional to the cost of giving the agent value through promised
utility, which is identical to the continuation value if the new project does not arrive at
the moment.6 Typically, the second-best contract is optimal under pure moral hazard,
and the third-best contract, under both moral hazard and adverse selection, can achieve
second-best efficiency under pure adverse selection, if the agent’s continuation value is
sufficiently large. We define the set of these continuation values as the “efficient domain,”
and the complement of the efficient domain in the feasible set is called “inefficient domain.”
In our mixed model with both moral hazard and adverse selection, the growth rate
of promised continuation value is negative on the inefficient domain and zero on the
efficient domain. Hence on the inefficient domain, the agent’s continuation value will keep
moving to the value, which triggers the principal to fire the agent. However, if a new
project arrives, the continuation value will jump to higher value. If the value is large, the
continuation value can jump into the efficient domain when the project is accompanied
by a low shock, in which case it will remain unchanged until a new project arrives. This is
different from the dynamics of the second-best contract under pure moral hazard, in which
the agent’s value cannot move into the efficient domain if the agent’s initial reservation is
located on the inefficient domain.
The drift of the agent’s continuation value is related to the allocation of payments
over time. This value can have an upward drift, which means the agent’s current payment
is small relative to his expected future payoff. In this case, we say that the agent’s
payment is back-loaded. It is front-loaded if the agent’s value has a downward drift, which
means the agent’s current payment is large relative to his expected future payoff. As
a comparison, the drift of the continuation value is zero if the principal and the agent
have symmetric information. Under pure moral hazard, the payment is front-loaded,
and the drift (net of the agent’s private benefit) is gradually reduced to zero when the
agent becomes expectably rich (with higher continuation values), since the moral hazard
6
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effect decreases as the continuation value rises. When contracting under repeated adverse
selection and dynamic moral hazard, the moral hazard effect becomes dominated by the
adverse selection effect, and the payment can be back-loaded when the agent become
expectably richer on the inefficient domain. The drift (net of the agent’s private benefit)
on the efficient domain is gradually reduced and becomes negative, and hence the payment
is front-loaded again if the agent’s continuation value is sufficiently large.
Our novel results are due to the technical advantages of continuous-time methods over
discrete-time methods. Using a discrete time multi-period model, Green (1987), Thomas
and Worrall (1990), and Atkeson and Lucas (1992) investigate optimal contracting with
i.i.d. private shocks, and Albanesi and Sleet (2006) examine optimal taxation with i.i.d
private information. Fernandes and Phelan (2000) provide a recursive formulation for
repeated agency with persistent private shocks. Chassang (2013)[10] studies calibrated
incentive contracts in a discrete-time agency problem that includes limited liability, moral
hazard, and adverse selection. Sadzik and Stacchetti (2015)[37] analyze discrete-time
principal–agent models with short period lengths and random shocks.
By contrast, (1), as Sannikov (2008) notes, continuous time leads to a much simpler
computational procedure for finding the optimal contract by solving an ordinary differential equation (ODE). This simplification stems from the martingale representation of the
agent’s expected utility over time. Thus we can obtain new and dynamic insights into incentive provision and optimal contracting. For example, it allows much easier comparison
of the impacts of instantaneous payments and future payments on the agent’s incentives.
(2), the continuous-time model highlights many features of long-term contracts, including
the agent’s retirement and ownership transfer between the principal and the agent. And
(3), the continuous-time model setting is well motivated in our paper, since we assume
that the agent successfully finds the projects at random times. Hence, it is natural to
apply continuous-time approaches in the context of continual project search.
Our paper is also closely related to the literature of delegated search, in which the
principal delegates the search process to the agent. In Armstrong and Vickers (2010)[4],
a case in which an agent must invest effort to discover a project for a principal is examined. Lewis (2012)[28] develops a theory of delegated search for the best alternative
with pure moral hazard by treating the agent’s search as a continuous-time process per
se. Ulbricht (2016)[48] studies optimal delegated search with adverse selection and moral
hazard. Compared to their studies, our paper focuses more on repeated delegation of
project search. We do not specify projects with different characteristics or alternatives.
The agent needs to search for projects constantly. We focus on the case in which projects
may be discovered at any random time. Only the probabilities of the projects’ arriving
at a particular time matters. We emphasize the agency relationship more than the traditional search process; this is an important aspect which previous literature does not
explicitly address. In our setting, we can better highlight the dynamic incentive for longterm delegation of project search. Hence, this paper is relatively closer to a traditional
dynamic principal-agent problem.
The remainder of the paper is organized as follows. Section 2 explains the model’s
setting and formulates the principal’s problem. Section 3 describes the instantaneous

4

conditions for the incentive compatibility constraint. Section 4 presents the optimality
equation with boundary conditions that characterizes the optimal contract problem. Section 5 characterizes the dynamics of optimal contracts, and Section 6 concludes. Proofs
of the main results are given in the appendix.

2

The Model

Our model setup extends the discrete-time constrained efficient allocation model with
one-sided private information, which is similar to that in Atkeson and Lucas (1992)[5] by
including dynamic moral hazard and random arrival of new projects.7
Under the static setting, the agent’s utility function from consumption is θu(c), where
u is a strictly concave real-valued function from his consumption8 c ∈ [0, ∞) satisfying
u(0) = 0, and θ is a random variable representing the preference shock, which is privately
observed by the agent. We denote v(·) as the inverse of the marginal utility function
u0 (·) and U (·) as the inverse of u(·). For simplicity and to highlight the dynamics of
optimal contracts, we focus onP
preference shocks with binary values: ξH > ξL > 0 and
P (θ = ξi ) = pi , i = L, H and i=L,H pi = 1. For convenience, we denote the expected
shock value by ξ¯ = pH ξH + pL ξL . 9
Our model focuses on the continuous time case. The time horizon is infinite; that is,
time t ∈ [0, ∞). The principal (firm owner) hires an agent (manager) to manage the firm.
By exerting effort, the agent affects the probability with which a new project arrives: A
higher effort increases the probability Λt dt that a new project will arrive during (t, t + dt].
For simplicity, we also consider the binary effort of the agent at each period t, in terms of
Λt = λ − ∆ > 0 representing low effort, and Λt = λ representing high effort, with ∆ > 0.
We say that the agent shirks (works) if the low (high) effort is chosen.
To model the cost of effort, we adopt the same convention as Holmstrom and Tirole
(1997)[22]: If the agent shirks at time t, that is, if Λt = λ − ∆, he obtains a private
benefit B > 0; by contrast, if the agent exerts effort at time t, that is, if Λt = λ, he
obtains no private benefit. This formulation is also similar to one in Biais, Mariotti,
Rochet, and Villeneuve (2010)[8]. Thus, the agent’s total utility is the sum of his utility
of consumption and his private benefit. Furthermore, we assume that the principal hires
the agent because he has the talent to exert a high level of effort.
From each new project indexed by n ∈ N, the agent can generate output Y ∈ (0, ∞).10
7

In Atkeson and Lucas (1992)[5], the i.i.d. endowment arrives after a fixed time interval, which cannot
be trivially extended to a continuous-time version by letting the time interval go to zero, because there
are few stochastic processes that are i.i.d over continuous time. The increment of Brownian motion is a
typical one, which Demarzo and Sannikov (2006)[12] apply to investigate the hidden saving problem. The
restriction for such an application is that it requires the manager to be risk neutral. A major contribution
of this paper is that we assume that the endowment arrives after a random time interval and that the
shocks accompanying each endowment are i.i.d..
8
We assume that the agent has no saving behavior.
9
However, our model is readily extended to the case with multiple or continuous types.
10
For simplicity, we assume the outputs for all projects are identical to be Y . Our analysis is readily
extended, however, to the situation in which project n may generate Yn ∈ (0, ∞).
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We denote the mutually-observable arrival time of the nth project by τn and the shock of
the nth project by θn . Then, the agent’s (time-discounted) expected utility is
)
(∞
Z ∞
X
(1)
e−rs 1[Λs =λ−∆] Bds| {τn , θn }n ,
rE
e−rτn θn u (cτn ) +
0

n=1

with a discount rate r > 0. The rate r in front of the expectation normalizes the total
payoffs to the same scale as the stage payoffs. ht− = {τn , θn }τn <t is the real history of
project arrivals and the values of the shocks. Let cτn denote the payment transferred from
the principal to the agent for his consumption at the time τn .
We assume that the arrivals of projects are publicly observed.11 Note that shock
{θn }∞
n=1 and the effort exerted in the project search constitute the agent’s asymmetric
information, which is unobservable to the principal. Hence, the principal’s optimal contracting problem is subject to the repeated adverse selection that arises from hidden
shocks and the dynamic moral hazard that arises from the agent’s hidden search efforts.
When a new project is obtained, the agent needs to decide which shocknvalue
o∞to report
to the principal. One reporting strategy for the agent is denoted by σ̂ = θ̂n
. Allow
n=1
n
o
ĥt− = τn , θ̂n
to denote the history of the arrival time of projects and the agent’s
τn <t

reports, and denote the truth-telling strategy by σ ∗ = {θn }∞
n=1 . Let cn (ĥτn− , θ̂n ) (short for
cτn (θ̂n ) with a little abuse of notation) denote the payment transferred from the principal
to the agent, given his report θ̂n of the values of the shocks at time τn and history ĥt− .
The payment stream {cτn (θ̂n )}n≥1 is contingent on the previous history and the report of
the current value of the shock, which is nonnegative and upper bounded by the output of
each project.
Since the principal fully commits to the contract, the revelation principle helps us
restrict our attention to the truth-telling direct mechanism.
Thus, the principal’s problem

[P] is to choose an optimal contract (stream) M = {cτn }n≥1 , {Λt }t≥0 12 to maximize
her (time-discounted) expected profit:
rE

X
∞
n=1

−rτn

e


[Y − cτn (θn )] | {τn , θn }n ,

subject to the global incentive compatibility (GIC) condition (2) and individual rationality
(IR) condition (3) as follows:
(∞
)

 Z ∞
X

σ ∗ , {Λt }t≥0 ∈ arg max rE
e−rτn θn u cτn (θ̂n ) +
e−rs 1[Λb s =λ−∆] Bds
(2)
b
σ̂,{Λt }
0
n=1
t≥0
11

If the arrivals of projects are also the private information of the manager, then the manager may
hide or overreport the arrivals of projects. Following our discussion in the next section, we show that it is
not difficult to derive the conditions under which the manager truthfully reports the arrivals of projects.
12
Here Λt denotes the principal’s action recommendations for the agent.
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rE

X
∞

e

−rτn

θn u (cτn (θn )) +

Z

∞

−rs

e

1[Λs =λ−∆] Bds

0

n=1



≥ w.

(3)

The principal has the same discount rate as the agent, and w is the agent’s reservation
utility at time t = 0. The contract stream M is said to be incentive compatible if the
condition (2) holds, and individual rational if the condition (3) holds.

3

The Agent’ s Continuation Value

3.1

Basics

We now unify the discrete-time circumstance into a continuous-time circumstance for
analytical tractability to allow for random arrival discrete time by introducing the agent’s
continuation value. Denote the number of projects found in time interval [0, t] by Nt . We
replace θn with θt , t ≥ 0, where θt represents the shock value if the project arrives at time
t. Compared to cn (ĥτn− , θ̂n ) or cτn (θ̂n ), we let ct (ĥt− , θbt ) (short for ct (θbt ) with a little abuse
of notation) represent the payment transferred at time t if a new project accompanied by
shock θt arrives at time t. Its value is contingent on ĥt− , the history of the arrival time
of projects and the agent’s reports of shock values, and θ̂t , the agent’s current report of
shock value if a new project arrives at time t. Then the agent’s expected utility can be
reformulated as
Z ∞

Z ∞

−rs
−rs
b
e θs u cs (θs ) dNs +
e 1[Λs =λ−∆] Bds| {τn , θn }n .
rE
0

0

As there is repeated private information, the optimal contract can be history-dependent,
which is well-known following Townsend (1982)[47].13 In our problem, the agent’s continuation value Wt , along with the shock he reports, is the instrument by which the incentive
is provided. Therefore, a general optimal
n o contract can be equivalently written in terms of
. Note that θ̂t = θt for all t when the optimal
continuation value Wt and reports θ̂t
t≥0

contract satisfies incentive compatibility.

Definition 1. If the agent chooses the truth-telling type-reporting strategy and exerts the
effort desired by the principal after time t, the agent’s continuation value Wt is the
total utility (wealth) that the principal expects the agent to derive from the future at time
t . Specifically,
Z ∞




rt
−rs
Wt = e rEt
e
θs u cs (θs ) dNs + 1[Λs =λ−∆] Bds |ht− , θt .
(4)
t

Note that the value of Wt is not continuous in time, but is indeed right-continuous
with the left limit.14 We define Wt− = lims↑t Ws . When there is a new project arriving
13

Townsend solves for the optimal contract by extending the set of state variables to include the
continuation value. The continuous-time analogous method is first investigated by Sannikov (2008)[40].
14
This is also mentioned in Zhang (2009)[53].
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at time t, Wt is the continuation value dependent on the shock type reported up to time
t, which is also called “transitional utility,” and Wt− is the continuation value before the
shock value at time t is reported, which is called “promised utility.”
Thus, we have the following representation for the continuation value process.

Lemma 1. Given an incentive-compatible contract M = ct (θt ), Λt t≥0 ,15 there exists a
ht− - predictable process {Jt (θt )}t≥0 , such that at any time t, the evolution of the manager’s
continuation value process Wt is given by
"
#
X
(5)
dWt = r Wt− − 1[Λt =λ−∆] B − Λt
pi ξi u (ct (ξi )) dt + rJt (θt ) dNt
| {z }
i=L,H
Jump
{z
}
|
Drif t in the Continuation V alue
"
#
X
− r Λt
pi Jt (ξi ) dt.
i=L,H

o
Rt
Rtn P
Moreover, Ñt = r 0 Js (θs )dNs − r 0 Λs i=L,H pi Js (ξi ) ds is a martingale.
h
i
P
We call r Wt− − 1[Λt =λ−∆] B − Λt i=L,H pi ξi u (ct (ξi )) the drift of the continuation
value Wt . It is related to the allocation of payments over time. We call rJt (θt ) the jump
of the continuation value Wt . Lemma 1 implies that the drift of the continuation value is
related to the allocation of payments over time, which is not contingent on the shock.
Definition 2. Payments are back-loaded (front-loaded) if the agent’s continuation
value Wt has an P
upward (downward) drift; that is, the drift net of the agent’s private
benefit Wt− − Λt i=L,H pi ξi u (ct (ξi )) is positive (negative).
P
The agent’s expected instantaneous utility at time t is Λt i=L,H pi ξi u (ct (ξi )) for the
period [t, t + dt], and Wt− is the promised utility during [t, ∞). If the drift is negative
(positive), the instantaneous expected utility is more (less) than that for the resting period
of the contract. This means that current payment is more (less) than the average payment
in the future.
Note that from Equation (5) the agent’s continuation value can be rewritten as
"
#
X
dWt = r Wt− − 1[Λt =λ−∆] B − Λt
pi (ξi u (ct (ξi )) + Jt (ξi )) dt + rJt (θt )dNt
|

i=L,H

{z

Growth rate of promised utility

}

and we know that Wt = Wht− + rJt (θt ) is the transitional utility if a new project
i arP
rives at time t. We call r Wt− − 1[Λt =λ−∆] B − Λt i=L,H pi (ξi u (ct (ξi )) + Jt (ξi )) the
growth rate of promised utility
P Wt− . Clearly, the growth rate is equal to the drift of continuation value only when i=L,H pi Jt (ξi ) = 0. The growth rate is another important
15

Under M, the agent will truthfully report the shock value and exert the desired effort over time.
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characterization of the pattern of incentive provision in addition to the drift of continuation value. It also characterizes the dynamics of the continuation value when there is no
new project.
Definition 3. An optimal contract is weakly stationary at some real value w if the
growth rate of the agent’s continuation value is zero when Wt = w. In addition, if the
jump is zero, then the optimal contract is said to be stationary at w.
The agent may lie about the shocks and may also exert effort that is not desirable for
the principal. Contingent upon his reports {ĥt− , θbt }t≥0 , the continuation value process
takes the following form:
#
"
X
dWt = r Wt− − 1[Λt =λ−∆] B − Λt
pi ξi u (ct (ξi )) dt + rJt (θ̂t )dNt
(6)
"

−r Λt

X

i=L,H

i=L,H

#

pi Jt (ξi ) dt.

n
o
It is worth noting that Wt , θ̂t

t≥0

o
 
n  
is fully determined by the sequence ct θ̂t , Jt θ̂t , Λt

t≥0

, where {Λt }t≥∞ in representation (6) is the probabilities of the arrival of new projects
n o
desired by the principal within the Λ̂t
pre-offered by the agent.
t≥∞



Remark 1. ct (θ̂t ), Jt (θ̂t )

may be dependent on the entire history of the agent’s

t≥0

reports. With our setup, however, the entire history can be replaced by the continuation
value.

3.2

Reformulation of the Global Incentive Compatibility Condition

It will be useful to derive the conditions in terms of

n  
 
o
ct θ̂t , Jt θ̂t , Λt

t≥0

equivalent

to the GIC condition (2). First, we explore the desired conditions in the pure adverse
selection case; that is, the agent’s effort of project search can be observed and dictated.
Given any time u, let u− denote the left limit of integral as t approaches u from the left.
The accumulated gain over [0, u) is defined by
−ru

e

Ĝu− = r

Z

0

u−


e−rs θs u cs (θbs ) dNs + e−ru Wu− ,

where Wt follows the dynamics of (6) for t ∈ [0, u), and Wu− denotes the left limit of
Wt as t approaches u from the left. Thus, if the agent truthfully reports the shocks on
[u, ∞), his expected total gain by time u is e−ru Ĝu− , regardless of whether he reports the
true shocks before time u. In other words, his historical performance has no impact on
9

his expected future gain as long as Ĝu− is fixed. Hence, the agent’s incentive on [u, ∞) is
not affected by his previous report.
Furthermore, assume that the agent gets a new project at time u, which is accompanied
by the real shock θu = θ∗ . Define τu∗ as the time of the next project’s arrival. Suppose the
agent reports the shock value as θ0 at time u and truthfully reports the shocks on [τu∗ , ∞).
0
If θ = θ∗ , then the expected gain at time u is
0

e−ru Ĝu− + re−ru (θ∗ u(cu (θ∗ )) + Ju (θ∗ )) .

If θ 6= θ∗ , the private benefit expected at time u is


0
0
e−ru Ĝu− + re−ru θ∗ u(cu (θ )) + Ju (θ )
0

0

Hence, to prevent mis-reporting, we must have θ∗ u(cu (θ ))+Ju (θ ) ≤ θ∗ u(cu (θ∗ ))+Ju (θ∗ ),
that is, for all t ≥ 0
ξL [u(ct (ξH )) − u(ct (ξL ))] ≤ Jt (ξL ) − Jt (ξH ),

ξH [u(ct (ξH )) − u(ct (ξL ))] ≥ Jt (ξL ) − Jt (ξH ).16

(7)
(8)

In a continuous-time setting, the global condition (2) needed to prevent repeated adverse
selection is reduced to the instantaneous conditions (7) and (8), which is consistent with
the recursive formulation of the discrete-time multi-period model in which the continuation value Wt replaces Jt as the instrument for incentive provision.17 (7) and (8) imply
that ct (ξH ) ≥ ct (ξL ) and Jt (ξL ) ≥ Jt (ξH ); that is, the principal must pay higher payment
and promise lower transitional utility if the new project arrives accompanied by a high
value of preference shock.
Second, we explore the desired conditions in the pure moral hazard case. Since Sannikov (2008)[40], it has been a standard procedure to find the instantaneous condition for
the continuous-time modeling of pure moral hazard. Details can be found in Sannikov
(2008)[40] and Biais et al. (2010)[8]. Assume the agent truthfully reports the value of
shocks, and the agent’ s problem is then reduced to a pure moral hazard problem. Then,
we necessarily have a constraint Λt = λ, which is equivalent to
X
∆
pi [ξi u(ct (ξi )) + Jt (ξi )] ≥ B,
(9)
i=L,H

where the left-hand side denotes the additional expected gain of the agent if he works, and
B is the agent’s private benefit if he shirks. Hence, given that the inequality in (9) holds
for almost all t, the agent will work through time. Different from Sannikov (2008)[40],
there is no jump, and the instantaneous payment ct (θ) in our setting provide the agent
with the incentive to work directly.
In sum, (7) and (8) are the conditions for pure adverse selection, and (9) is the condition for pure moral hazard. In general, if adverse selection is mixed with moral hazard,
then the incentive conditions should be stronger than the combination of (7), (8) and (9).
However, in our setting, we can show that these conditions are also sufficient for (2). We
conclude the above discussion of our first main result as follows.
17

For further details, see Bolton and Dewatripont (2005).
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Proposition 1. The global incentive compatibility condition (2) holds if and only if (7),
(8), and (9) are satisfied.
We make the following assumption, which implies that the agent will work–i.e., Λt− =
Λt –if he owns the firm. There is a certain additional value of expected gain if he keeps
working for the rest of his lifetime. Intuitively speaking, B cannot be too large.
¯
Assumption 1. ∆ξu(Y
) > B.
Wt− is still able to summarize the past history completely with i.i.d private shocks
in our setting. The intuition is straightforward: Proposition 1 states that the agent’s
incentives remain unchanged if we replace the contract in terms of a continuation value
Wt with a different contract with the same continuation value. This implies that one can
instead consider (ct (θt ), Jt (θt ))t≥0 as the control variables in the principal’s (contracting)
problem previously presented in [P] without loss of generality.
The main reason that the equivalence underlying Proposition 1 holds is that in our
setup the private shock is assumed to be i.i.d. If the shock is persistent over time–for
example, the agent’s chances of having a high shock for the new project is large given that
his previous shock value is high18 –then this argument will fail. Wt− must be contingent
on the value of the previous shock, which we denote by Wtθ− . Moreover, the transitional
utility process Wtθ− + rJt (θ0 ) is required to provide an incentive, where θ0 is the shock
value of the next project. Alternatively, if there are N kinds of values for the shock, then
the principal needs to design a contract based on N state processes, which renders the
principal’s problem extremely difficult. The i.i.d. private shock model is a simplification
of reality, but it is a good benchmark for investigating the repeated adverse selection
problem and its application in a variety of fields. The continuous-time model we propose
in this paper provides a tractable framework for this stream of research.

4

Derivation of Optimal Contracts

In this section, based on Proposition 1, we further derive optimal contracts that induce
the agent to work throughout the contracting period. This is in line with most of the
literature on the principal-agent model, which offers more precise insights into how the
repeated adverse selection affects the agent’s incentive under moral hazard. Then it
is obvious fromP(4) that the agent’s continuation value process can take value in [0, wH ],
where wH = λ i=L,H pi ξi u(Y ), which denotes the feasible set for the agent’s continuation
value. The principal can take over management and exert low effort if he fails to incentivize
the agent to work due to Assumption ??.
We next derive the optimality equations for characterizing value functions under four
model settings: symmetric information (first best), pure adverse selection (second best),
pure moral hazard (second best), and a mixed model with both moral hazard and adverse
selection (third best). In the first-best setting, efforts and shock values are both observable
by the principal. The principal can force the agent to work and pay the agent based on her
18

See Zhang (2009)[53] for details.
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observation of shock values. In the pure adverse selection setting, only efforts over time
are observable–and therefore enforceable–by the principal. In the pure adverse selection
setting, only shock values are observable. In the mixed setting, neither efforts nor shock
values are observable.
We denote the principal’s (optimal) value functions under the first-best setting, pure
adverse selection, pure moral hazard, and mixed model by F 1 (W ), F 2a (W ), F 2m (W ), F 3 (W ).
First, we identify boundary conditions for value functions. Figure 2 illustrates the
different value functions in different settings. When there exists no moral hazard (i.e., the
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Figure 1: Value functions
first-best situation or pure adverse selection), the principal can force the agent to work,
and the agent’s continuation value reaches 0. Hence, the agent keeps working with no
payment because of the commitment to the long-term contract. Under moral hazard or
in the mixed model, however, the principal has to take over management, and the agent
gets 0 payment (equivalently, is fired) thereafter, because the agent is too expectably poor
to motivate. When the agent’s continuation value reaches the largest possible value wH ,
the principal must transfer ownership of the firm to the agent because of the commitment
to the long-term relationship and the agent is self-incentivized. We conclude boundary
conditions for F 1 (W ), F 2a (W ), F 2m (W ), F 3 (W ) below.
From the agent’s expected utility, we know that the agent’s continuation value must
take values in [0, wH ]. When Wτ = 0, it is clear that the agent’s payment ct (θt ) = Jt (θt ) =
0 for t ≥ τ . For the principal, we have F 1 (0) = λY under the first best setting or pure
adverse selection. Therefore, we have two corresponding boundary conditions:
(BC1 ) F 1 (0) = λY, F 1 (wH ) = 0;
(BC2a ) F 2a (0) = λY, F 2a (wH ) = 0;

12

Under pure moral hazard, the principal cannot force the agent to work, and hence the
agent is fired and the principal takes over management. Hence F 2m (0) = (λ − ∆)Y
because of Assumption ??. Therefore, we have one corresponding boundary condition
(BC2m ) F 2m (0) = (λ − ∆)Y, F 2m (wH ) = 0;
Similarly, F 3 (0) = (λ − ∆)Y . For the principal, we have F 1 (wH ) = F 2a (wH ) = 0.
By part (a) of Assumption 1, the agent will work under moral hazard at t ≥ τ , hence
F 2m (wH ) = F 3 (wH ) = 0. Thus, we have one corresponding boundary condition
(BC3 ) F 3 (0) = (λ − ∆)Y, F 3 (wH ) = 0.
Because the principal discounts the future at rate r, her expected flow of value at time
t is given by
rF i (Wt− ) ,
(10)
where i = 1, 2a, 2m, 3. This should be equal to the sum of the expected instantaneous cash
flow and the expected rate of change in her continuation value, since F i is the principal’s
value function for case i. The expected instantaneous cash flow is
"
#
X
rλ Y −
pj ct (ξj ) .
(11)
j=L,H

This represents the expected output from the project less the agent’s compensation. To
evaluate the expected rate of change in the principal’s continuation value, we employ
the dynamics (6) of the agent’s continuation value and apply Ito’s formula for the jump
processes that yield this expected rate of change:
!
X
i
pj ξj u (ct (ξj ))
(12)
rFW (Wt− ) Wt− dt − λ
j=L,H

−

i
rFW

(Wt− ) λ

X

j=L,H

!

pj Jt (ξj )

+λ

X

j=L,H


pj F i (Wt− + rJt (ξj )) − F i (Wt− ) .

The first and second terms arise because of the drift in Wt− and the compensated process
of the jump component. The third term reflects the possibility of jumps in the agent’s
continuation value due to the arrival of new projects.
Thus, adding (11) and (12) and equating them with (10), we find that the principal’s
optimal value functions F 1 (W ), F 2a (W ), F 2m (W ), F 3 (W ) together with choice variables
C = (cj , Jj )j=L,H satisfy the Hamilton-Jacobi-Bellman (HJB) optimality equation:
"
#
!
X
X
i
rF i (W ) = max
rλ Y −
pj cj + rFW
(W ) W − λ
pj ξj u (cj )
(13)
i
C∈Υ (W )

+λ

X

j=L,H

j=L,H

j=L,H



!

i
pj F i (W + rJj ) − rFW
(W )Jj − F i (W ) ,
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under boundary conditions (BCi ), i = 1, 2a, 2m, 3, where we denote cj = ct (ξj ) , Jj =
Jt (ξj ) to simplify the notation. We will use (cj , Jj )j=L,H and (ct (θt ), Jt (θt )) interchangeably. The choice variables C = (cj , Jj )j=L,H take values in corresponding incentive compatible set Υi (W ) under our four model settings, where i = 1, 2a, 2m, 3. This equivalently
reformulates the optimal contracting problem in four different model settings.
We now derive the optimal contract by concluding the properties of each value function
i
F (W ) and identifying its corresponding incentive compatible set Υi (W ) below.
Proposition 2. F 1 (W ), F 2a (W ) are strictly concave and monotonically decreasing,

Υ1 (W ) = (ci , Ji )i=L,H |(ci , W + rJi ) ∈ [0, Y ] × [0, wH ] ,

Υ2a (W ) = (ci , Ji )i=L,H |(ci , W + rJi ) ∈ [0, Y ] × [0, wH ], JL = JH + ξL [u(cH ) − u(cL )] , cH ≥ cL .
If F 2m (W ), F 3 (W ) are strictly concave,19 then
(

Υ2m (W ) =

(ci , Ji )i=L,H |(ci , W + rJi ) ∈ [0, Y ] × [0, wH ], ∆

X

j=L,H

pj [ξj u(cj ) + Jj ] ≥ B

)

,

Υ3 (W ) = Υ2a (W ) ∩ Υ2m (W ).
According to Proposition 2, intuitively, for pure adverse selection, the principal’s value
function is concave; also, it is more costly if the (8) is binding, which introduces a higher
variance for transitional utility. Moreover, it is surprising to see that (7) is still binding
in the third-best contract even if moral hazard is also involved. Basically, the incentive
condition (9) for moral hazard only adds the constraint on the mean of transitional utility.
Hence, being binding of (7) minimizes the risk introduced by the transitional utility.
Let us see how Equation (13) and Proposition 2 imply the constraints that C should
satisfy for optimality in the four different model settings. In the first-best setting, we
directly have that the optimal choice of consumption cj maximizes
i
−cj − FW
(W )ξj u(cj ), j = L, H,

(14)

and separately optimal transitional utility Jj maximizes
i
F i (W + rJj ) − rFW
(W )Jj ,

(15)

i
where FW
(W ) denotes the first-order derivative (margin) of value function F i (W ). The
i
agent’s consumption and the transitional utility increase in W in view of FW
(W ). ξj u01(cj )
i
and −FW
(W ) are the marginal cost of giving the agent continuation value through current
consumption and through his promised utility, respectively. F i (W )−F i (W +rJj ) denotes
i
the cost of giving value through transitional utility, and −FW
(W + rJj ) denotes the
marginal cost to deliver the value to the agent through transitional utility. Those marginal
19

It is beyond the range of this article to prove the concavity of value functions with moral hazard,
which can be accomplished by showing that the equilibrium payoff set of the principal and the agent
must be convex.
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costs must be equal for any value of preference shock in the first-best contract if interior
solutions are optimal.
However, under asymmetric information, all of these marginal costs must be distorted
to provide the incentive. By proposition 2, the pure adverse selection model is subject to
JL = JH + ξL (u(cH ) − u(cL )),

(16)

and the pure moral hazard model is subject to
X
∆
pj [ξj u(cj ) + Jj ] ≥ B,

(17)

j=L,H

and the third-best contract is subject to (16) and (17). If (17) is binding, for every
possible value of preference shock the marginal costs through current consumption and
through transitional utility should be larger than the marginal cost through promised
utility. Hence consumption and transitional utility (cj , W + rJj )j=L,H should be higher
than those in the first-best setting with the same marginal cost through promised utility.
Moreover, rλY is the expected flow of output if the agent is incentivized to work.
X
i
−rλFW
(W )
pj (ξj u (cj ) + Jj )
j=L,H

is not only proportional to the cost of giving the agent value through promised utility, but
is also the cost of compensating the agent for his effort because of λ in this term. This
implies that the efficiency of allocation and incentive provision will be improved if moral
hazard is involved and the agent’s continuation value is high (Figure 1).
Golosov, Kocherlakota, and Tsyvinski (2003)[16] adopt a finite-period discrete-time
model with a general structure of private information and show that the reciprocal of
marginal utility satisfies the reciprocal Euler equation (REE), which implies a long-run
convergence of the agent’s payment. First, by martingale convergence theorem, we know
the payment converges along almost every sample path. Second, the marginal utility is
a submartingale that implies that the payment is always front-loaded in the second best
setting (Albanesi and Armenter (2012)[1]). With a continuous-time pure moral hazard
model, Sannikov (2008)[40] shows that the margin of the principal’s value is a martingale,
to which the reciprocal of marginal utility equals if it is negative. However in Sannikov
(2008)[40], the margin of the principal’s value is positive when the agent’s value is low,
and therefore the agent is still incentivized even if the consumption is back-loaded.
In our setting, as we discuss in Section 5, under moral hazard, the marginal cost
through current consumption is aligned with the marginal cost through transitional utility,
2m
2m
and is larger than −FW
(W ), even when −FW
(W ) < 0; hence the consumption is frontloaded. On the other hand, under pure adverse selection, the payment is back-loaded
when the agent’s value is low, even if the principal’s value function is monotonically
decreasing. This is because the adverse selection effect becomes stronger as expectable
wealth increases. When adverse selection is mixed with moral hazard, the payment must
be high to provide for the agent the incentive to work, and hence the payment is frontloaded even if the agent’s value is low. However, as the agent gets expectably richer, the
15

incentive condition (17) is not binding, and since there is no constraint on the expected
current consumption, the monotone change of consumption slows and becomes backloaded. More detailed discussion can be found in Section 5.
i
In our setting, the margin of value function FW
(Wt ) is a martingale on the “continuation domain” which is defined as follows.
Definition 4. Continuation domain (CD) is a subset of (wL , wH ) such that at optimality,
0 < w + rJi < wH , for i = L, H.
This implies that given Wt− ∈ CD, the contract will not be terminated at time t
even if a new project arrives at time t, because Wt− + rJi ∈ (wL , wH ). Inside of CD,
the contract space Υi (W )i=1,2a,2m,3 is not contingent on W , and therefore we can apply
envelope theorem and have
!
!
X
X
i
i
i
pj F W
(W + rJj ) − FW
(W ) .
0 = rFW
pj (ξj u (cj ) + Ji ) +λ
W (W ) W − λ
j=L,H

j=L,H

(18)

Applying Ito’s formula, we have
i
dFW

(Wt ) =

i
rFW
W

(Wt− ) Wt− − λ

X

j=L,H

!

pj (ξj u (ct (ξj )) + Jt (ξj )) dt

 i

i
+ FW
(Wt− + rJt (θt )) − FW
(Wt− ) dNt .

By (18), we can see that the margin of the principal’s value function is a martingale before
Wt moves outside the CD:
 i

i
i
dFW
(Wt ) = FW
(Wt− + Jt (θt )) − FW
(Wt− ) dNt
!
X
i
i
−λ
pj FW (Wt− + rJt (ξj )) − FW (Wt− ) dt,
j=L,H

where Wt− ∈ CD.

In Section 5, we will prove that (0, wH ) is a continuation domain under all different
i
settings of asymmetric information. Hence FW
(W ) is a martingale before the continuation value reaches 0 or wH . Transitional utility will increase when the agent becomes
expectably richer; that is, his continuation value becomes larger. However, if the agent’s
value is less than wH , the principal can always find better payment and transitional utility to avoid transferring ownership to the agent, because the principal’s value achieves
minimum at wH . The continuation value can reach 0 if moral hazard is involved.
In Section 5, we will show that the agent’s value is weakly stationary on (0, wH ) under
pure adverse selection. Then we have
X
2a
pj Fw2a (Wt− + rJt (ξj )) = FW
(Wt− ) .
j=L,H
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In the pure moral hazard model, the jump in continuation value is not contingent on
the shock value, and JL = JH . The marginal cost of delivering the value through transitional utility is higher than the marginal cost of delivering the value through promised
utility, and
X
2m
2m
−
pj F W
(W + rJj ) > −FW
(W )
(19)
j=L,H

because of (17).
In the mixed model, although the drift and growth rate are negative when the agent is
expectably poor, the agent is likely to be expectably richer if she finds a project accompanied by a low preference shock, because the principal randomizes the jump of continuation
value in order to provide incentive for truth-telling. Hence apart from the pure moral hazard model, significantly, the agent can be expectably richer. If the agent’s continuation
value is sufficiently high, his payment can be either back-loaded or front-loaded.

5

Characterization of Optimal Contracts

In this section, we characterize optimal contracts in details, and describe the dynamics of
long-term contracts.

5.1

First-best Benchmark

In the first-best setting, the principal can force the agent to work and pay the agent
based on her observation of shock values. From optimality equation
P (13), we know that
the jump should be zero, i.e., JL = JH = 0. From (18), W = λ j=L,H pj ξj u(cj ). By
combining these, we have the following results.
Proposition 3. In the first-best setting, the agent’s continuation value will remain unchanged: Wt = w for all t ≥ 0, with constant payment c∗H and c∗L given by
X
λ
pi ξi u(c∗i ) = w, and
i=L,H

ξH u0 (c∗H ) = ξL u0 (c∗L ), f or w ≤ wc1 ,
c∗H = Y, f or w > wc1 ,

where wc1 = λ[pL ξL u(v( ξξHL u0 (Y ))) + pH ξH u(Y )]. The principal’s value F 1 (w) = λ(Y −
P
∗
i=L,H pi ci ).

Hence, continuation value Wt has zero growth rate. Moreover, we know that Ji = 0.
Therefore, in the first-best setting the optimal sharing rule is stationary throughout time
by Definition 3: Given the initial promised utility w ∈ [0, wH ], the agent’s and the
principal’s respective continuation values will remain as w and F 1 (w) for ever, regardless
of whether a new project arrives.
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By the first-order condition with respect to cj on (14), ξj u01(cj ) must be equal to
1
−FW
(W ) for W < wc1 . This implies that the instantaneous payment has to be higher if the
agent is expectably richer, since both cH and cL are increasing as W increases. Without
moral hazard or adverse selection, the payment is neither front-loaded nor back-loaded,
since the drift is always equal to 0.
We measure the efficiency of the contract by defining the insurance wedge and transition wedge discussed in Albanesi and Sleet (2006). The insurance wedge is computed
(cH )
by ξξHL uucc (c
− 1, which measures the consumption smoothing that is implied by the optiL)
h
i
P
transition utility
i
mal contract. The transition wedge E promised utility − 1 = i=L.H pi rJ
, measures the
W
intertemporal smoothness of consumption. It is clear that in the first-best setting, both
wedges are equal to zero. The deviation of the wedges from zero, represents the strength
of the distortion of allocation under asymmetric information.

5.2

Pure Adverse Selection Model
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Figure 2: Value function and optimal contract for the pure averse selection model. u(c) =
√
i=1,2a
c, ξL = 1, ξH = 3, P (ξH ) = 0.3, r = 1.8, ∆ = 1.0, B = 1.5, λ = 2. (cij , Jji )j=L,H
are the
optimal payment and the jump of continuation value process in the first-best setting and
under pure adverse selection. wc2a is the smallest continuation value at which c2a
H reaches
the upper Bound Y .
Now we consider the pure adverse selection model. Figure 2 illustrates the comparison
between the first-best and second-best contracts under pure adverse selection. Naturally,
F 1 (w) dominates F 2a (w); that is, given any w, F 1 (w) > F 2a (w) except coincidence at
two ends of [0, wH ]. The insurance wedge (Figure 3) is bigger than 0.
In general analysis, we plug (16) into optimality equation (13), and have the following
properties for the optimal contract.
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Proposition 4. In the pure adverse selection setting, (0, wH ) is the continuation domain
on which 0 < cL < Y , JL > 0 > JH and transitional utility 0 < W + rJi < wH . On
[0, wH ], the dynamics of the agent’s and the principal’s continuation values are characterized by
 2a

2a
2a
dWt = rJt (θt )dNt , dFW
(Wt ) = FW
(Wt− + Jt (θt )) − FW
(Wt− ) dNt .
(20)
Moreover, there exists wc2a ∈ (0, wH ) such that with the optimal contract, on [0, wc2a ],
cL , cH , w+rJL , w+rJH ,and JL −JH all increase with w, and on (wc2a , wH ], cL , w+rJL ,and
w + rJH all increase with w, but cH = Y , and JL − JH decreases with w.

From Proposition 4, because (0, wH ) is the continuation domain, on which both the
transitional utility and cL do not bind with their bounds, we can apply first-order conditions (on (14) with respect to cL , JL , and JH ) and have
ξH

ξL 2a
ξL 2a
1
= −(1 −
)FW (w) −
F (w + rJH ) , f or w ≤ wc2a ,
(cH )
ξH
ξH W

u0

1
2a
= −FW
(w + rJL ) ,
ξL (cL )
X
2a
2a
−FW
(w) = −
pj F W
(w + rJj ) .
u0

(21)
(22)
(23)

j=L,H

1
ξj u0 (cj )

is the marginal costs of giving the agent value through current consumption if the
2a
(W ) < ξL u01(cL ) .
shock value is ξj . Different from the first-best setting, ξH u01(cH ) < −FW
0

(cH )
The insurance wedge ξξHL uu0 (c
− 1 > 0, although cH > cL in the continuation domain.
L)
If the agent’s value is increasing and less than wc2a , there is more leeway for punishment
for lying, since JL − JH increases; if the agent’s value is more than wc2a , the punishment
decreases to avoid transferring the ownership. Moreover, we can observe a distortion
from the first-best benchmark caused by adverse selection effect: The payment is higher
(lower) when the shock value is low (high) than that in the first-best contract, given
the same expected current consumption level. This is due to the pure adverse selection
constraint (16). Compared with the first-best setting, the difference between cH and cL is
additionally constrained by (16) (in fact, we will show JL > 0 > JH ), and such a difference
1
2a
1 20
is smaller than that in the first best setting. More specifically, c2a
L > cL and cH < cH .
This implies that the private shocks prevent the separation in information.
Accordingly, in the
adverse selection
model, the drift (net of the agent’s private
h pure
i
P
benefit) is equal to r Λt i=L,H pi Jt (ξi ) . It is negative when ω is low, and turns positive
when ω is high, since JL − JH first increases and then decreases. It may even become negative again when ω is sufficiently high. This fact renders the payments first front-loaded
and then back-loaded (and even front-loaded again eventually). In addition, the drift is
increasing in absolute value when the agent is expectably poor (on [0, wc2a ]), whereas the
20

This is also illustrated in Figure 3.
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drift is decreasing in absolute values when he becomes expectably rich (after wc2a ). When
the agent is sufficiently expectably rich, the drift may even become positive and negative
again later.
Different from Golosov, Kocherlakota, and Tsyvinski (2003), in which consumption is
front-loaded, in pure adverse selection, as shown in Figure 3, the payment can be backloaded when the agent is expectably poor
(w < wd2a ) and front-loaded when the agent gets
P
¯ L )+pH ξH (u(cH )−u(cL )).
expectably richer (w > wd2a ). Note that j=L,H pj ξj u(cj ) = ξu(c
Thus, in optimum, (cH , cL ) must be distorted, and u(cH ) − u(cL ) is smaller than that in
the first-best setting because of the adverse selection effect. Meanwhile, u(cL ) has to be
larger than the first-best payment for low shock. When the agent’s continuation value is
small, the adverse selection effect is strong and expected instantaneous utility is smaller
than that in the first-best setting. When the agent’s value is more than wd2a , the payment
is front-loaded because the adverse selection effect is gradually reduced until the agent’s
value is more than wc2a , where cH remains unchanged and the adverse selection effect is
gradually reduced.
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Figure 3: Drift, growth rate and wedges for the pure adverse selection model. The dotline
in the third graph is the insurance wedge of the first-best contract. The insurance wedge
of the first-best contract is positive because cH is binding with Y when the continuation
value is sufficiently high. wd2a is the smallest continuation value at which the drift rate is
negative.
Finally, by Definition 3, the optimal contract is weakly stationary on continuation
domain (0, wH ). The continuation value of the agent will drop (increase) if the new
project arrives accompanied by a high (low) shock. Since 0 < w + rJi < wH on CD
and the growth rate is zero, Wt will remain in CD forever and will not hit 0 or wH if the
agent’s initial reservation w is in CD. Then the contract will not be terminated: When the
agent’s continuation value is small (< wd2a ), the drift of the continuation value is positive
and the payment is back-loaded; this means, over the long run, that the continuation
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value will increase. If the agent’s continuation value is sufficiently large, the drift of the
continuation is negative and the payment is front-loaded. In the long run, the agent’s
continuation value will decrease.

5.3

Pure Moral Hazard Model
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Figure 4: Comparison of optimal contract
under the first-best and the second-best setting
√
with pure moral hazard. u(c) = c, ξL = 1, ξH = 3, P (ξH ) = 0.3, r = 1.8, ∆ = 1.0,
B = 1.5, λ = 2. (cij , Jji )i=1,2m
j=L,H is the optimal payment and the jump in continuation value
process in the first-best and pure moral hazard models. w02m is the agent’s continuation
value at which the principal’s value reaches the maximum.
Now we consider the pure moral hazard model. Figure 4 illustrates the comparison
between optimal contracts under the first best and second best contracts with pure moral
hazard. Different from Sannikov (2008) and other continuous-time moral hazard models,
the agent’s payment stream directly provides incentive for the agent to work. This is
because payment frequency is contingent on the agent’s effort, and the cost of compensating the agent for his effort is proportional to the cost of giving the agent value through
promised utility. When the agent’s promised utility is low, the promised instantaneous
payment and transitional utility upon a new project’s arrival are combined to incentivize
the agent. The variance of transitional utility is minimized to be zero to reduce the principal’s risk associated with the uncertainty of preference shock, because only the mean of
transitional utility matters in the provision of incentive. If the agent’s promised utility is
high enough, instantaneous payment can alone provide incentives, and the jump in the
continuation value process is reduced to zero; the risk associated with the uncertainty of
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Figure 5: Drift, growth rate, and wedges for the pure moral hazard model.
the arrival of new projects is also reduced to zero. Hence the contract stream becomes
stationary when W ≥ w1b for some critical value w1b , and the principal’s value F 2m (W )
coincides with F 1 (W ). We define (0, w1b ) ((w1b , wH )) as the inefficient (efficient) domain.
At wH , cL = cH = Y and JL = JH = 0. (17) is not binding by Assumption 1. Then
there is w1b < wH such that on (w1b , wH ], (17) is not binding, and also F 2m (W ) = F 1 (W )
and JH = JL = 0. In other words, w1b is the largest continuation value of the agent at
which (17) is binding and
λ
w1b = B.
∆
λ
1
Under Assumption 1, wc > ∆ B by Proposition 3, where wc1 is the smallest value at which
the first-best and second-best cH under moral hazard are binding with Y . We have the
following properties for optimal contracts.
Proposition 5. In the pure moral hazard setting, (0, wH ) is the continuation domain.
On (0, w1b ), payment (cL , cH ) and transitional utility increase as W increases, where 0 <
cL , cH < Y, w1b > w + rJL = w + rJH > w02m . On the inefficient domain, the dynamics
of the agent’s and the principal’s continuation values are characterized by
λ
B)dt + rJt dNt , 21
∆

2m
(Wt− ) [dNt − λdt] ,
+ Jt ) − FW

dWt = r(Wt− −

 2m
2m
dFW
(Wt ) = FW
(Wt−

with optimal payment satisfying

1
2m
2m
2m
= −FW
(W + rJL ) = −FW
(W + rJH ) > −FW
(W ).
ξj uc (cj )
21

Jt = JL = JH which is contingent on W .

22

(24)
(25)

(26)

and
JL = JH =

X
B
−
pj ξj u (cj ) ,
∆ j=L,H

(27)

for j = L, H. On the efficient domain, the optimal contract is the same as that in the
first best setting.
Proposition 5 states that on the inefficient domain, the payment and jump in the
agent’s value must be higher than those in the first-best setting due to (17), Moreover,
the moral hazard incentive compatible condition is binding only on the efficient domain.
This implies that the optimal compensation and transitional utility in the first-best setting
must be distorted. More specifically, there exists a moral hazard effect: In the pure moral
λ
B) should be negative on the inefficient
hazard model, the drift is negative, since r(Wt− − ∆
domain. This renders the payment front-loaded. But this moral hazard effect becomes
weaker as w increases, since the payment and the transitional utility increase. The drift
will reduce to 0 after reaching the efficient domain. In other words, the jump in the
agent’s value is gradually reduced, because the moral hazard effect decreases to zero as w
increases. On the efficient domain, there is no moral hazard effect, the payment continues
to increase, and the incentive is provided only by the agent’s instantaneous payment.
According to Proposition 5, due to the incentive compatibility condition (17), the
marginal costs of giving the agent value through current consumption must be aligned
with the marginal cost of giving value through transitional utility, and JH = JL > 0
if (17) is binding. Two important facts follow: First, the allocation of consumption is
not distorted across different preference shocks and the insurance wedge remains zero.
However, consumption under moral hazard is improved compared to that in the first-best
setting, and must be front-loaded. Second, as the agent’s value grows, it becomes more
expensive to deliver the agent’s value through transitional utility, since the moral hazard
effect on the jump size of the agent’s value becomes weaker as w increases.
As illustrated by Figure 6, the agent’s value cannot jump from the inefficient domain to
the efficient domain even if there is a new project, because it is more costly to incentivize
the agent with high transitional utility if the agent is expectably rich. Moreover, under
condition (17),


"

#



r W −λ
pj ξj u (cj ) = r 


j=L,H
X

W +λ
|

X

j=L,H

{z

pj Jj

}

expected transitional utility upon new project



−w  .

1b 

(28)

The transitional utility gradually increases on the inefficient domain, which implies that
the payment is front-loaded more heavily when the agent’s
P value is low.
On the inefficient domain, the total expected gain λ j=L,H pj [ξj u(cj ) + Jj ] has to be
w1b . Therefore, the growth rate must be negative, which is also the result of (26). The
marginal cost through transitional utility must also be larger than that through promised
utility. Then the agent’s value will decrease quickly if there is no new project, and the
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agent may be fired if he cannot find a project for a long time. Once he finds a new project,
however, his value will jump to a higher value than w02m but never enter into the efficient
domain, at which first-best efficiency is achieved (see Figure 6). Hence on the one hand,
even if the growth rate of the agent’s continuation value is negative, the agent is still
fully incentivized to work because his transitional utility will immediately jump to a high
value, and he will get higher instantaneous payment once he gets a new project. On the
other hand, the agent can never reach first-best efficiency if w < w1b . If w > w1b , then the
agent’s continuation value will remain unchanged, and first-best efficiency is achieved.

5.4

Mixed Model with Moral Hazard and Adverse Selection

Now we consider the mixed model setting in which both moral hazard and adverse selection squarely exist. Figure 9 illustrates the comparison between third-best contracts
under the mixed model and the other cases. From the pure moral hazard model, we
know that if the agent’s continuation value is high enough, only instantaneous payment is
required to provide for the agent incentive to work and the optimal contract is stationary.
However, the stationary contract in the first-best setting does not satisfy the truth-telling
condition. Hence under both moral hazard and adverse selection, optimal contracts must
still satisfy truth-telling condition (16) even if incentive compatibility condition (17) may
not be binding. Hence F 3 (w) may coincide with the value function F 2a (w) of the adverse
selection model if the agent is expectably rich enough (W ≥ w2b ), as shown in Figure ??.
That is, the third-best contract can achieve second-best efficiency with adverse selection
if the agent is expectably rich enough. Define w03 to be the agent’s continuation value at
which the principal’s value reaches the maximum in the third-best contract, and w2b to
be the smallest value at which F 3 (w) = F 2a (w).
We may infer that the incentive compatibility condition (17) will be binding unless
W > w2b . However, it is surprising to see that (17) is not binding, even if F 2m (W ) 6=
F 3 (W ). To see this, suppose that on (w1b , wH ), we only consider truth-telling condition
(16). From the pure adverse selection model, we know that the growth rate of the agent’s
24
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model.
√ Comparison of optimal contract under pure adverse selection and mixed
j
j i=L,H
u(c) = c, ξL = 1, ξH = 3, P (ξH ) = 0.3, r = 1.8, ∆ = 1.0, B = 1.5, λ = 2. (ci , Ji )j=2a,3 is
the optimal payment and the jump of continuation value process in the third-best contract
and the second-best contract with adverse selection. w03 is the agent’s continuation value
at which the principal’s value reaches the maximum in the third-best contract. w2b is the
smallest value at which F 3 (w) = F 2a (w).
value is zero; that is, for w ∈ (w1b , wH ), we have
X
pj [ξj u(cj ) + Jj ] > w1b .
w=λ
j=L,H

This means that even on (w1b , w2b ), (17) is redundant. Hence from (21)-(23),
1
ξL 3
ξL 3
= −(1 −
)F (w) −
F (w + rJH ) , f or w1b < w < w2b ,
ξH u0 (cH )
ξH W
ξH W
1
3
= −FW
(w + rJL ) , f or w > w1b ,
ξL (cL )
X
3
3
−FW
(w) = −
pj FW
(w + rJj ) , f or w > w1b .
u0

(29)
(30)
(31)

j=L,H

On (0, w1b ), (17) is binding, and hence the growth rate is negative. Consistent with the
pure moral hazard model, we define (0, w1b ) as the inefficient domain and (w1b , wH ) as
the efficient domain. On the efficient domain, the allocation of consumption and incentive
provision achieve second-best efficiency under adverse selection.
25

Proposition 6 shows that (0, wH ) is the continuation domain, and we know that (17) is
binding on the inefficient domain; hence we can apply the first order condition to obtain22




1
ξL
ξL
3
3
= − 1 − (pH + pL ) FW (w + rJL ) − pH + pL
FW
(w + rJH ) ,
ξH u0 (cH )
ξH
ξH
(32)
1
3
= −FW
(w + rJL ) ,
(33)
0
ξL u (cL )
on the inefficient domain. Hence ξH u0 (cH ) > ξL u0 (cL ) and the insurance wedge is positive.
Moreover, from (18), because the growth rate of the agent’s value is negative, we have
X
3
3
−FW
(w) < −
pj F W
(w + rJj ) .
(34)
j=L,H

In conclusion, we have the following result.
Proposition 6. In the mixed setting, (0, wH ) is the continuation domain. On (0, w1b ),
payment (cL , cH ) and transitional utility increase as W increases, with 0 < cL , cH < Y,
W + rJL > W + rJH > w03 . On the inefficient domain [(0, w1b )?], the dynamics of the
agent’s and the principal’s continuation values are characterized by
λ
B)dt + rJt (θt )dNt ,
∆
X

3
+ Jt (θt )) − FW
(Wt− ) dNt − λ
pj Jt (ξj )dt.

dWt = r(Wt− −
 3
3
dFW
(Wt ) = FW
(Wt−

(35)
(36)

j=L,H

with the optimal contract satisfying (32), (33) and (34). On the efficient domain,
 3

3
3
dWt = rJt (θt )dNt , dFW
(Wt ) = FW
(Wt− + Jt (θt )) − FW
(Wt− ) dNt .

(37)

and the optimal contract satisfies (29), (30), and (31).

On the efficient domain, the moral hazard effect is removed; therefore, the optimal
contract stream can be weakly stationary. Meanwhile, on the inefficient domain, (17) is
binding and (16) holds, and we have
JL =

B ¯
B
− ξL u (cL ) − pH [ξH − ξL ] u (cH ) or
− ξu (cH ) + ξL (u(cH ) − u(cL )),
∆
∆

(38)

B ¯
− ξu (cH ) .
(39)
∆
Hence from (32) and (33), the payment (ci )i=L,H and transitional utility increase as the
agent’s value increases (Figures ?? and 11 ). On the other hand, from (38) and (39),
we know that the jump decreases as the continuation value increases because the moral
JH =
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Details can be found in the proof of Proposition 6
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Figure √
8: Comparison of optimal contract between moral hazard and mixed models.
u(c) = c, ξL = 1, ξH = 3, P (ξH ) = 0.3, r = 1.8, ∆ = 1.0, B = 1.5, λ = 2. (ci , Jij )i=L,H
j=2m,3
is the optimal payment and the jump of continuation value process in the third-best
contract and the second-best Contract with the moral hazard effect.
hazard effect decreases as w increases; that is, the instantaneous payment plays a larger
role in incentivizing the agent to work than the jump in the continuation value when the
agent becomes expectably richer (Figure ??). Meanwhile, JL − JH = (u(cH ) − u(cL )) is
gradually increasing until cH = Y because the adverse selection effect becomes weaker as
w increases; that is, the principal can punish the agent more for lying if he is expectably
richer. Considering the interplay between the moral hazard and adverse selection effects,
the optimal payment of the agent may be front-loaded or back-loaded.
When the agent’s value is near zero, the expected instantaneous utility must be higher
than that under pure adverse selection (See Figure ?? for illustration) to incentivize the
agent to work, and the payment has to be front-loaded. Moreover, we find that the
payment is front-loaded even more heavily than that under pure moral hazard, since the
adverse selection effect enhances it. Note that
X
¯ L ) + pH ξH (u(cH ) − u(cL )).
pj ξj u(cj ) = ξu(c
(40)
j=L,H

The payment has to be distorted, and u(cH ) − u(cL ) is smaller in the mixed model than
that under pure moral hazard, in order to lower the agency cost to enforce truth-telling.
On the other hand, higher payment for low shock must be delivered to incentivize the
agent to work.
When the agent’s value is gradually increasing, the adverse selection effect begins to
dominate the moral hazard effect in the sense that the payment is more heavily distorted
than the increment of the payment for the low shock (right panels in Figures ?? and 8
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). As w increases, the moral hazard effect becomes weaker and weaker, and the adverse
selection effect emerges to drive the payment back-loaded. Note that the payment is even
more distorted than that under pure adverse selection because of the existence of moral
hazard. Hence the drift of the agent’s value keeps increasing, and reaches maximum at
w1b (Figure 10). As a result, the payment is back-loaded near w1b on both inefficient and
efficient domains.
On [w1b , w2b ], the moral hazard effect disappears, and the jumps in the continuation
value are still higher than those under pure adverse selection; hence they gradually decrease in order to achieve second-best efficiency at w2b . Note that the adverse selection
effect will also become weaker and weaker in driving the payments back-loaded as w keeps
rising. Meanwhile, the growth rate
P of the agent’s value is zero, and hence the drift is proportional to the expected jump j=L,H pj Jj and decreases until the agent’s value reaches
w2b and the drift reaches the negative minimum on the efficient domain. Eventually, the
adverse selection effect will eventually drive the payments front-loaded again as w keeps
rising.
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Figure 9: Comparison of wedges among the pure adverse selection, pure moral hazard
and mixed models.
We conclude this section with discussion of the dynamics of the third best contract.
The growth rate of Wt is zero on the efficient domain and negative on the inefficient
domain. Hence Wt will end at 0 if it starts from the inefficient domain and the agent
does not find a new project for a long time. However, if the agent finds a new project
with low preference shock, his continuation value will jump to a higher level of values,
as shown in Figure 11. The transitional utility accompanied by a high shock remains
within the inefficient domain if the agent’s current promised utility is on the inefficient
domain, in order to maintain a difference from w + rJL for the incentive for truth-telling.
This is different from the case in the pure moral hazard model. Hence we claim that the
possibility of migration from the inefficient domain to the efficient domain in the thirdbest contract is due to variation in the adverse selection effect with continuation values,
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Figure 10: Comparison of drift and growth rate of the agent’s value among three models.
for which the principal has to randomize transitional utility; also, the risk of transitional
utility upon preference shock must be larger when the agent becomes expectably richer.
Finally, on the efficient domain, consumption is first back-loaded because the efficiency of
consumption allocation is improved compared with the situation on the inefficient domain.
It is then front-loaded (Figure 10), because efficiency decays as the wealth level of the
agent increases, which is similar to the pattern under pure adverse selection.

6

Conclusion

This paper develops a new benchmark for investigating optimal contracts when repeated
adverse selection and dynamic moral hazard coexist. Contracts in continuous time are
conveniently characterized by the agent’s continuation value. The provision of incentives,
the agent’s efforts, and the revelation of the agent’s private information all depend on
the payment and the jump in the continuation value, both of which are contingent on
the agent’s reported values of preference shock. The i.i.d. assumption on private shocks
is not realistic in many circumstances. However, it greatly simplifies characterization of
the optimal contract and yields deeper insights into incentive provision under repeated
adverse selection.
The cost of compensating the agent for his effort is proportional to the costs of giving
the agent value through promised utility, and hence a prominent feature of our model is
that the efficiency of consumption allocation and incentive provision can be improved if the
agent’s value is sufficiently large. The principal’s value function of the moral hazard model
coincides with that in the first-best setting and the third-best value function coincides
with that of the pure adverse selection model in the efficient domain. The payment in the
pure moral hazard model must be front-loaded to incentivize the agent to work. However,
if moral hazard is mixed with adverse selection, the payment can be back-loaded because
the adverse selection effect begins to dominate the moral hazard effect when the agent
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becomes richer.
In the pure adverse selection model, the agent’s continuation value does not change
until a new project arrives. If the new project is accompanied by a high (low) value shock,
the agent is paid more (less), but his transition utility drops (increases) from the current
continuation value. Moreover, consumption will be back-loaded if the agent’s value is
lower and become front-loaded if the agent’s value is sufficiently high. Under pure moral
hazard, if the continuation value starts with a low value, it will keep decreasing until a
new project is found by the agent. However, the drift of the continuation remains to be
negative, which implies that the payment is always front-loaded and consumption will
converge to 0 in the long run. Under both moral hazard and adverse selection, the growth
rate of the agent’s value is negative (zero) in the efficient (inefficient) domain. In the
inefficient domain, the agent’s value can jump to the efficient domain if a new project is
found accompanied by a low preference shock. Moreover, on the inefficient domain, the
consumption is front-loaded.
Bertrand and Mullainathan (2001) find that a CEO’s payment increases in response
to favorable exogenous shocks. Our mixed model shows that even if the shock needs
to be reported by the agent himself, the agent still gets a higher payment if the shock
value is high. Moreover, the jump in continuation value is related to empirical studies
of the active adjustment of agency compensation packages in response to swings in firm
performance. Our model implies that the agent’s future compensation package can be
adjusted not only because the agent is expected to bring more profit to the firm, but also
because of incentive provision for the current period. Zhang (2008) empirically finds that
some newly appointed CEOs (i.e., those with tenure of three years or less) are dismissed
while others are not. Our mixed model predicts that new employees (lower reservation)
will get fired quickly if they cannot find new projects. Once they find new projects, their
values enter the efficient domain, and it will take longer to fire those with high value.
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Appendix
A

Proof of Lemma 1

Define the gain process Gt by
Z ∞
Z
−rt
−rs
e Gt := E
re θs u (cs (θs )) dNs +

∞

re

−rs

0

0



1[Λs =λ−∆] Bds|ht− , θt ,

and e−rt Gt is a martingale. On one side, by the definition of the continuation value, we
have
Z t
Z t
−rt
−rt
−rs
e Gt = e Wt +
re θs u (cs (θs )) dNs +
re−rs 1[Λs =λ−∆] Bds.
0

0

On the other side, by the martingale representation theorem for a marked point process
(Last and Brandt 2003[29]) , there exists a predictable γt (θt ) and
X
de−rt Gt = re−rt γt (θt )dNt − re−rt Λt
pi γt (ξi )dt.
i=L,H

Define Jt (θt ) = γt (θt ) − θt u (ct (θt )), and applying Ito’s formula
we obtain the represeno
Rt
Rtn P
tation form of Wt . Moreover, Ñt = r 0 Js (θs )dNs − r 0 Λs i=L,H pi Js (ξi ) ds is a
martingale.

B

Proof of Proposition 1

It has been proved in the main text that (7), (8), and (9) necessarily hold if (GIC) is true.
We only need to prove the sufficiency.
reporting strategy σ̂ and
 Consider
  an arbitrary
R t −rs
R t −rs
−rt
effort Λ̂t . Define e Ĝt = 0 re θs u cs θ̂s dNs + 0 re 1[Λ̂s =λ−∆] Bds + e−rt Ŵt with
Ŵ0 := w, where Ŵt is the continuation value process contingent on the agent’s report and
desirable effort {Λt }t≥0 . Note that
−rt

e

−rt

Ĝt = w+e

Z t
Z t
X
−rs
Kt + re (θs u(cs (θs )) + Js (θs )) dNs − re−rs λ̂s
(ξi u(cs (ξi )) + Js (ξi )) ds
0

0

i=L,H

where
e−rt Kt :=

Z

t

0

+

Z

0

t

(
)
h
i h
i X
re−rs 1[Λ̂s =λ−∆] B − 1[Λs =λ−∆] B − Λs − Λ̂s
(ξi u(cs (ξi )) + Js (ξi )) ds
i=L,H

re−rs

h

  
i
θs u cs θ̂s + Js (θ̂s ) − θs u (cs (θs )) − Js (θs ) dNs
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The first and second parts of the integration of e−rt Kt are negative because of (7), (8),
and (9). Hence, e−rt Ĝt is a supermartingale. Note that {ct } are bounded from below,
hence e−rt Ĝt is a supermartingale bounded from below. Hence, we add
Z ∞
Z ∞


−rs
re−rs 1[Λ̂s =λ−∆] Bds
re θs u cs (θ̂s ) dNs +
0

0

as the last element of the supermartingale e−rt Ĝt by the martingale convergence theorem
(Last and Brandt 2003[29]). Therefore,
Z ∞

Z ∞


−rs
−rs
w = Ĝ0 ≥ E
re θs u cs (θ̂s ) dNs +
re 1[Λ̂s =λ−∆] Bds .
0

0

Hence, the truth-telling strategy σ ∗ with {Λt }t≥0 is at least as good as any alternative
n o
strategy σ̂ with effort plan Λ̂t
.
t≥0

C

Proof of Proposition 2

We prove that F 2a (W ) is strictly concave and monotone, and Υ3 (W ) = Υ2a (W )∩Υ2m (W ).
Other parts can be derived similarly.

C.1

F 2a (W ) is concave and monotone

Given two initial values w1 , w2 ∈ [0, wH ], w1 > w2 of the agent’s continuation value
processes, we need to prove
F 2a (wχ ) > χF 2a (w1 ) + (1 − χ) F 2a (w2 ) .
where wχ = χw1 + (1 − χ) w2 , where 0 < χ < 1.
We assume that (Jti (θt ), cit (θt ))i=1,2 is the optimal incentive compatible contract for
the agent with initial value wi and
X

dWti = rWti− dt + rJti (θt )dNt − rλ
pj ξj u(cit (ξj )) + Jti (ξj ) dt, W0i = wi .
j=L,H


Under pure adverse selection, cjt (ξj ), Jtj (ξj ) j=L,H satisfy (7), (8), 0 ≤ Wti + rJti (ξj ) ≤
wH .
Under pure adverse selection, high effort can be dictated. If Wti hits 0, then
i
cv (θj ) = Jvi (ξj ) = 0, for v ≥ t. If Wti hits wH , civ (θj ) = Y, Jvi (ξj ) = 0 for v ≥ t. We
construct Wt3 with (c3t (ξj ), Jt3 (ξj )) satisfying
X

pj ξj u(c3t (ξj )) + Jt3 (ξj ) dt, W0i = wχ
dWt3 = rWt3− dt + rJt3 (θt )dNt − rλ
j=L,H

where c3t (θt ) is defined by



u c3t (θt ) = χu c1t (θt ) + (1 − χ) u c2t (θt ) .
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Then, c3t (θt ) ≤ χc1t (θt ) + (1 − χ) c2t (θt ). Moreover, the equality holds only when
= c2t (θt ), because u(c) is strictly concave. Also, let Jt3 (ξj ) = χJt1 (ξj )+(1 − χ) Jt2 (ξj ).
Wt3 = χWt1 +
Hence (c3t (ξj ), Jt3 (ξj )) satisfy (7), (8) and 0 ≤ Wti + rJt3 (ξj ) ≤ wH .
2
2a
(1 − χ) Wt . Then, from the definition of the value function F (w), we know that
F 2a (wχ ) ≥ χF 2a (w1 ) + (1 − χ) F 2a (w2 ). Moreover, the equality holds only when c1t (θ) =
c2t (θ) because u(c) is strictly concave, which implies the strict concavity of F 2a (W ).
For monotonicity, let 0 < w1 < w2 < wH ; we define Wt2 as previously, and we let
c1t (θt ) = c2t (θt ) , Jt1 (θt ) = Jt2 (θt ). Hence Wt1 < Wt2 , before Wt1 or Wt2 hits 0 or wH .
Moreover, we know that F 2a (w) ∈ [F 2a (wH ), F 2a (0)] . So Wt1 will hit wH earlier than Wt2 ,
and we have monotonicity for F 2a (w).
c1t (θt )

C.2

Υ3 (W ) = Υ2a (W ) ∩ Υ2m (W )

Next, we want to prove Υ3 (W ) = Υ2a (W ) ∩ Υ2m (W ), which is to prove
P

JL = JH + ξL [u(cH ) − u(cL )]

(41)

under the constraint ∆ j=L,H pj [ξj u(cj ) + Jj ] ≥ B. Obviously, from (7) and (8), we
have cH ≥ cL at optimality. If cH = cL , by (7) and (8), then (41) holds. Suppose cH > cL .
We only need to show ξL [u(cH ) − u(cL )] ≤ JL − JH must be binding at optimality.
Suppose not; then at w, the optimal (ci , Ji ) satisfies
ξL [u(cH ) − u(cL )] < JL − JH .

(42)

Thus, we have W + rJL > 0; otherwise, W + rJH < 0. With sufficiently small δ, define
JLδ = JL − δ, JHδ = JH + ppHL δ. We still have ξL [u(cH ) − u(cL )] < JLδ − JHδ , and


P
P
∆ j=L,H pj ξj u(cj ) + Jjδ = ∆ j=L,H pj [ξj u(cj ) + Jj ] ≥ B. The optimality of (cj , Jj )
implies that there exists no δ > 0, which makes the right-hand side of (13) larger given
cH and cL . It implies


3
3
FW
W + rJHδ − FW
W + rJLδ |δ=0 ≤ 0.

With the assumption of strict concavity, we have JH ≥ JL , which contradicts (42) and
cH > cL . Then, (41) holds.

D

Proof of Proposition 4

Plugging in the corresponding constraints shown by Proposition 2 on [0, wH ], the dynamics
of the agent’s and the principal’s continuation values are given as in Proposition 4.

D.1


1
2a
2a
FW
(0) = 0, FW
wH ≤ − ξu
¯ 0 (Y ) .

On the RHS of optimality equation (13), we take a pooling payment cL = cH = b and
Ji = 0. Then we have
 2a

2a
2a
¯ (b) .
F (W ) − W FW
(W ) ≥ max λ [Y − b] − λFW
(W ) ξu
(43)
0≤b≤Y
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2a +
2a +
Suppose FW
(0 ) 6= 0. By Proposition 2, FW
(0 ) < 0. Let W & 0+ , from (43) we have

2a
¯ (b) .
0 ≥ max −b − FW
0+ ξu
(44)
0≤b≤Y

2a
¯ (b0 ) = 0. Given F 2a (0+ ) < 0, there exists b∗ > 0
Note that with b0 = 0, −b0 − FW
(0) ξu
W
∗
2a
∗
¯ (b ) > 0, which contradicts (44). Hence we prove F 2a (0+ ) = 0.
such that −b − FW (0) ξu
W
On the other hand, if we let W % wH in (43), then we have


2a
2a
¯ (b) .
w H FW
wH ≤ min λ [b − Y ] + λFW
wH ξu
b

When b0 = Y ,



2a
2a
¯ (b0 ) .
wH ξu
wH = λ [b0 − Y ] + λFW
w H FW


2a
Hence, Y achieves the minimum for 0 ≤ b ≤ Y . Then we have 1 + FW
wH θ̄u0 (Y ) ≤ 0,
that is,

1
2a
.
FW
wH ≤ − ¯ 0
ξu (Y )

D.2



¯ (cH ) + λ [W − TH ] = 0.
r W − λξu

IC constraint (16) can be transformed into

TL = TH + rξL (u(cH ) − u(cL )), u(cH ) ≥ u(cL )

(45)

where Ti = W + rJi is the transitional problem. (13) can be transformed into
#
"
X
X
2a
2a
pj ξj u (cj )
p
(r + λ) F 2a (W ) − (r + λ) FW
(W ) W = max
rλ
Y
−
j cj − rλFW (W )
i
C∈Υ (W )

X

+λ

j=L,H

j=L,H

j=L,H

2a
pj F 2a (Tj ) − FW
(W )Tj



!

(46)

.

At W = 0, the optimal contract is Tj = cj = 0 because FW (0) = 0. At W = wH , Tj = wH
and cj = Y can be verified as the optimal solution. Denote uj = u (cj ) and U (.) as the
inverse function of u (.) , which is convex and increasing. Denote uH = δ + uL We plug
(45) into (43) and (46) becomes
2a
(r + λ) F 2a (W ) − (r + λ) FW
(W ) W



2a
¯ L + rξδ
¯
= max rλ [Y − pH U (uL + δ) − pL U (uL )] − λFW
(W ) TH + rξu
uL ,TH ,δ

+ λ pL F 2a (TH + rξL δ) + pH F 2a (TH ) ,

subject to

TH ≥ 0, TH + rξL δ ≤ wH , δ ≥ 0,uL ≥ 0, δ + uL ≤ u (Y ) .
38

(47)

−rpH U (uL + δ) − rpL U (uL ) + pL F 2a (TH + rξL δ) + pH F 2a (TH ) are jointly concave on
2a
(uL , TH , δ) , −λFW
(W ) increases as W increases; hence optimal (uL , TH , δ) increase given
that TH + rξL δ < wH and δ + uL < u (Y ), which means that (uL , uH , TL , TH ) increase as
W increases. Applying envelope theorem on (47) we have


¯ (cH ) + λ [W − TH ] = 0
r W − λξu
(48)

The reason we can apply envelope theorem without Lagrange multipliers is that the
conditions of all the control variables in (47) are not dependent on the state variable W .
Note that (48) implies that the growth rate is zero for all W .

D.3

The optimal contract is not pooling on 0, wH




Suppose pooling contract c∗H = c∗L = c∗ is optimal at W ∗ ∈ 0, wH . We have TL∗ = TH∗ =
¯ (c∗ )
W ∗ . Since the growth rate is proved to be zero in the last step, we have W ∗ = λξu
. Because 0 < W ∗ < wH , 0 < c∗ < Y . From the optimality of pooling payment at W ∗ ,
we can derive two facts. First, given TH∗ = W ∗ , c∗L = c∗ , we define u (ĉH ) = u (c∗ + δ) and
T̂L = TH∗ +rξL [u (c∗ + δ) − u (c∗ )], δ ≥ 0. With sufficiently small δ > 0, 0 < u (ĉH ) < u(Y )
and 0 < T̂L < wH . Then optimality of the pooling contract implies that the optimal value
for δ is 0. Plug (TH∗ , T̂L , c∗L , ĉH ) into optimality equation (13), and RHS is reduced to
2a
¯ (c∗ + δ) + pL F 2a (W ∗ + rξL [u (c∗ + δ) − u (c∗ )])
max −rpH (c∗ + δ) − rFW
(W ) ξu
δ≥0

If δ = 0 is optimal, taking the first order condition with respect to δ and taking value 0
for δ, we have
2a
−1 − ξH FW
(W ∗ ) u0 (c∗ ) ≤ 0
(49)
The second fact is given the pooling payment is optimal, we have
¯ 2a (W ∗ )u0 (c∗ ) = 0;
−1 − ξF
W

(50)

2a
because 0 < c∗ < Y . Then (50) contradicts (49), because ξH > ξ¯ and FW
(W ∗ ) < 0.
Hence, cH is not pooling with cL . From our proof, it is clear that the strict monotonicity
of the value function is a crucial condition for the non-pooling payment.

D.4

The optimal
payment with low preference shock is not zero

H
on 0, w


Suppose c∗L = 0, hence c∗H 6= 0 because on 0, wH the optimal contract is not pooling.
Then
rξL [u (c∗H ) − u (c∗L )] = TL∗ − TH∗ < rξH [u (c∗H ) − u (c∗L )]
We keep TL∗ , TH∗ and improve c∗L by small amount such that

rξL [u (c∗H ) − u (c∗L + δ)] < TL∗ − TH∗ < rξH [u (c∗H ) − u (c∗L + δ)] .
2a
Sufficiently small δ > 0 makes the RHS of (47) larger, because FW
(W ∗ ) < 0 on (0, wH )
∗
and contradicts cL = 0.
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D.5

0 < TH∗ < W < TL∗ < wH for W ∈ 0, wH



First prove TL∗ 6= wH and TH∗ 6= 0. If at w∗ ∈ (0, wH ), the optimal TL∗ = wH , then from
(47), the principal can always be better off by lowering δ unless δ = 0. However if δ = 0,
the optimal payment at w∗ is pooling, which contradicts D.3.
Suppose that at some w∗ ∈ (0, wH ), the optimal TH∗ = 0. From (47) we know that u∗L ,
δ ∗ and TH∗ are increasing as W increases before u∗L + δ reaches u (Y ) (we just show that
on (0, wH ), TL∗ < wH ). After u∗L + δ ∗ reaches u (Y ), we can see that TH∗ , TL∗ , c∗L continues
to increase and δ ∗ decreases. From D.2,
know that at w∗ = 0, c∗H = c∗L = 0 and TH∗ =
 we
∗
∗
H
∗
TL = 0. Hence for any w ∈ 0, w , TH > 0. Then at any w∗ ∈ 0, wH , the optimal
H
transition utility 0 < Ti∗ < wP
. Hence 0, wH is the continuation domain. Because the
growth rate is zero, we have i pi Fw∗ (Ti∗ ) = FW (w∗ ) from (18) and TH < w∗ < TL .
Plugging in the corresponding constraints shown by Proposition 2, the dynamics of
the agent’s and the principal’s continuation values are given as in Proposition 5.
On (0, w1b ), RHS of (13) is reduced to
X
X
pj u (cj ) + λ
pj F 2m (Tj )
max −rλ
ci ,Ti

subject to
∆

j=L,H

X

j=L,H

j=L,H

pj [rξj u (cj ) + Tj ] ≥ rB + ∆W.

(51)

where Tj is the transitional utility for j = L, H. The monotonicity of contracts is obvious
and 0, wH is the continuation domain, which can be investigated in detail by applying
the method
of Proposition 4 and the fact that F 2m (w) = F 1 (w) if w > w1b .Then on

1b
0, w
there exists Lagrange multiplier δ (w) > 0 contingent on w,
2m
−λFW
(Tj ) = δ (w) , rλ = rδ (w) ξj uc (cj ) .

2m
(T ) < 0 and T ≥ w02m . Moreover,
Hence TH = TL := T , ξj uc (cj ) = − F 2m1(T ) . Then FW
W
P
B
by the monotonicity of the optimal contract, on (0, w1b ), j=L,H pj ξj u (cj ) increases to ∆
1b
and {Tj }j=L,H increase to w .
Finally, on the inefficient domain, (51) is binding. Hence the growth rate is negative
and (19) holds true from (18), and we have (26).

E

Proof of Proposition 6

Plugging in the corresponding constraints shown by Proposition 2, the dynamics of the
agent’s and the principal’s continuation values are given as in Proposition 6.
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The maximization problem on RHS of (13) can be reduced to
max − rλ

C∈Υi (W )

X

j=L,H

+λ

X

3
(W ) W − λ
pj cj ] + rFW

j=L,H

3

pj F (Tj ) −

3
rFW
(W )Tj

X

pj ξj u (cj )

j=L,H

!


!

(52)

,

subject to (51) and
TL = TH + rξL (u(cH ) − u(cL )), u(cH ) ≥ u(cL ).

(53)

Then the proof of the monotonicity of (ci , Ti ) is similar to that of Proposition 4. If w is
large enough, F 3 (w) = F 2a (w). Then TL < wH , cL < Y if w < wH and hence (0, wH ) is
the continuation domain.
When w > w1b we can ignore condition
rate
P (51), because with only (53), the growth
λ
of W is zero by Proposition 4. Then λ j=L,H pj [ξj u (cj ) + Jj ] = w > w1b = ∆
B. Note
that for w ∈ [w1b , w2b ), only (53) holds, although F 3 (w) < F 2a (w). On (0, w1b ), RHS of
(52) is reduced to
X
X
pj u (ci ) + λ
pj F 3 (Tj )
max −rλ
ci ,Ti

j=L,H

j=L,H


subject to ∆ j=L,H pj [rξj u (cj ) + Tj ] ≥ rB + ∆W and (53). Thus, on 0, w1b there
exists a Lagrange multiplier δ (W ) > 0 contingent on w, and then the problem is reduced
to
P

¯ (W ) [uL + κ]
max −r [pL U (uL ) + pH U (uL + κ)] + rξδ

uL ,κ,TH

+ pL F 3 (TH + rξL κ) + pH F 3 (TH ) + δ (W ) TH ,
where U is the inverse function of u and uj = u (cj ), κ = u(cH ) − u(cL ). Note that
w1b < wc2m < wc3 ; hence 0 < cL , cH < Y and 0 < TL , TH < wH . First-order conditions
yield
1
3
= −ξL pL FW
(TL ) ,
u0 (cL )
1
¯ (W ) + ξL pL F 3 (TL ) ,
pH 0
= ξδ
W
u (cH )
3
3
δ (W )=−pL FW
(TL ) − pH FW
(TH ) .
pL

Hence





1
ξL
ξL
3
3
= − pL − pL
FW (TL ) − pH + pL
FW
(TH ) ,
ξH u0 (cH )
ξH
ξH
1
3
= −FW
(TL ) .
ξL u0 (cL )
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