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Abstract

We study optimal effort and compensation in a continuous-time model with three-
sided moral hazard and cost synergies. One agent exerts initial effort to start the project;
the other two agents exert ongoing effort to manage it. The project generates cash flow
at a fixed rate over its lifespan; cash flow stops if a failure occurs. The three agents’
efforts jointly determine the probability of the project’s survival and thus its expected
cash flows. We model cost synergies between the two agents exerting ongoing effort
as one’s effort reduces the other’s cost of effort. In the optimal contract, the timing
of payments reflects the timing of efforts as well as cost synergies across agents. The
agent exerting upfront effort claims all cash flows prior to a predetermined cutoff date,
and the two agents exerting ongoing effort divide all subsequent cash flows. Delaying
payments motivate these two agents to work hard throughout. Between them, the agent
with greater degree of moral hazard and bigger impact on reducing the other agent’s
cost claims a larger fraction of the cash flow. Our study sheds light on a broad set of
contracting problems, such as compensation plans in startups and profit sharing among

business partners.
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1 Introduction

Long-term business projects often face the challenge of providing dynamic incentives for
different agents whose efforts jointly affect the project’s success. The corresponding con-
tracting problems may also involve synergies among agents, such as the potential for one
agent’s effort to reduce other agents’ costs of effort. This paper examines optimal effort and
compensation in a continuous-time model with three-sided moral hazard in the presence of
cost synergies.

To highlight the interaction between moral hazard and cost synergies, we start with a
model of two-sided moral hazard. Specifically, two agents (e.g., senior and junior partners
at a law firm) work on a project that generates cash flow at a fixed rate over its lifespan;
cash flow stops if a failure occurs. The agents exert ongoing efforts that jointly affect the
probability of the project’s survival. Each agent’s effort is costly and unobservable to the
other agent. A novel feature of our model is the presence of cost synergies. We model Cost
Synergies as the reduction in the junior partner’s cost stemming from the senior partner’s
effort, which we term the senior partner’s Influence, and vice versa. To focus on incentives,
we assume that all agents have limited liabilities and linear utilities. Agents are indifferent
between receiving a dollar today and receiving it tomorrow.

In the optimal contract, Agent 1 (the senior partner) and Agent 2 (the junior partner)
split the project’s cash flow proportionally at each point in time over the project’s lifespan
or until a failure occurs. The moral hazard and cost synergies jointly determine each agent’s
share. We identify two cases. In the first case, we assume that Agents 1 and 2 face equally
severe moral hazard. If the two agents also have the same influence on each other’s cost of
effort, they split the cash flows equally at all times. Otherwise, the agent with a relatively
greater influence receives a larger fraction of the cash flows, and in an extreme case, the
entire cash flows. For example, if Agent 1 has a positive influence and Agent 2 has no
influence, Agent 1 receives higher payments compared to the model without cost synergies.

In the second case, both moral hazard severity and influence differ between the two
agents. They still split the cash flows proportionally, where the fraction is jointly determined
by moral hazard and cost synergies. If cost synergies do not exist, an agent’s share of cash

flow is increasing in the severity of his moral hazard and decreasing in the severity of the



other agent’s moral hazard. Furthermore, if Agent 1’s influence exceeds the ratio of Agent
2’s moral hazard to Agent 1’s moral hazard, Agent 1 claims all cash flows. Agent 2 exerts
effort that reduces Agent 1’s cost of effort and increases Agent 1’s optimal effort level. Agent
2 receives no payments and incurs zero cost, because Agent 1’s influence eliminates it. In
both cases of the two-sided model, cost synergies not only alter the allocation of cash flows,
but also improve the expected social surplus.

Next, we study a model with three-sided moral hazard. In addition to the two agents who
exert ongoing efforts, we add Agent 0, who exerts effort at the outset to launch the project.
With the introduction of an agent who exerts upfront effort, our model becomes applicable
to contracting problems involving multiple agents with different timing of effort, such as a
startup with an entrepreneur, a chief executive officer (CEO), and a chief technology officer
(CTO). In the optimal contract, Agent 0 (the entrepreneur) claims all cash flows before
a predetermined cutoff date; after that date, Agent 1 (the CEO) and Agent 2 (the CTO)
divide the cash flows. Thus, Agent 0 is penalized only for early failures, which he holds
most responsibility for. At the same time, deferring payments motivates Agents 1 and 2 to
exert efforts throughout the project’s lifespan. Before the cutoff date, the two agents work
hard to keep the project alive to ensure that they can collect payments in future. After
the cutoff date, they exert efforts to avoid failure because they own the business and bear
the variation of cash flows. The payment to Agent 0 is larger (i.e., the cutoff date is later)
if the agent’s moral hazard is more severe than that of Agents 1 and 2. There are several
patterns for how Agents 1 and 2 divide cash flows after the cutoff date.

We consider three potential cases. In the first case, we assume that Agents 1 and 2 are
symmetric: the ratio of Agent 1’s influence to Agent 2’s influence equals the ratio of Agent
1’s unit cost of effort to Agent 2’s unit cost of effort, and their moral hazard is equally
severe. The optimal contract stipulates that Agents 1 and 2 divide the cash flows equally at
all times after the cutoff date (i.e., after Agent 0 is fully compensated). Relative to the case
without cost synergies, the cutoff date is earlier and the collective payments for Agents 1
and 2 are larger. Moreover, cost synergies also improve the expected social surplus relative
to the case without cost synergies.

In the second case, we assume that Agent 1’s influence exceeds the ratio of Agent 2’s



moral hazard to Agent 1’s moral hazard. In the optimal contract, Agent 0 claims all cash
flows before a known cutoff date, Agent 1 claims all subsequent cash flows, and Agent 2
receives no payments. The cutoff date is later if the moral hazard of Agent 0 is more severe
than that of Agents 1 and 2. The cutoff date is earlier if Agent 1 or 2’s influence is larger.
Agent 2 is willing to participate without receiving any payments because Agent 1’s influence
reduces his cost of effort to zero. In the final and general cases, Agent 0 still collects all
cash flows before a known cutoff date. Agents 1 and 2 alternate in receiving payments after
the cutoff date. The lengths of these periods of alternating payments depend on the agents’
moral hazard and cost synergies between them.

This study sheds light on a broad set of contracting problems in economics and finance.
The two-sided model can help us explain profit sharing among business partners. For
instance, in a law firm, partners are the main players. Junior partners and senior partners
split profits proportionally according to seniority. In general, a senior partner has more
influence than a junior partner does (for instance, a senior partner has the reputation to
procure business and the ability to mentor junior partners). Hence, the senior partner will
claim a larger fraction of the profits.

Similarly, the three-sided moral hazard model with cost synergies helps us understand
startups’ compensation plans. For example, the entrepreneur, who has the business plan
and other unique resources, exerts effort at the outset to launch the business. Later, the
CEO and CTO exert ongoing efforts to manage the daily operations. The CEQ’s experience
allows him to manage the business more effectively. The CTOQO’s effort improves the firm’s
information technology, reducing the CEQO’s cost of effort. The relative severity of moral
hazard and cost synergies jointly determine how the cash flows are divided among the three
agents over time. The entrepreneur collects all cash flows early on, while the CEO and
CTO divide the subsequent cash flows. The entrepreneur receives more cash flows if his
moral hazard is more severe than those of the CEO and the CTO. The division of cash
flows between the CEO and CTO depends on the interaction of their moral hazard and cost
synergies: the more influential agent receives a larger share of the cash flows.

Another example is on developing video games. The content creator produces the basic

content at the outset. Then, the product development manager (PDM) and the marketing



and sales manager (MSM) industrialize the content and make the video game profitable.
The PDM’s effort can improve the quality and the attractiveness of the video game, and
thus reduce the MSM’s cost of effort on marketing. Meanwhile, the MSM’s effort to acquire
information on consumer preference (e.g., via conducting consumer survey) helps the PDM
improve product design, and thus reduces the PDM’s cost of effort. In most cases, the
content creator first collects all revenues from selling a predetermined number of video
games. The management team shares the revenues afterward. Moreover, the management
team will start collecting the proceeds earlier if their cost synergies are greater, because an
efficient management team can raise the likelihood of the project’s success and increase the

expected revenue for all.

1.1 Related Literature

This paper contributes to two strands of literature by examining the optimal contract for a
continuous-time model with three-sided moral hazard and cost synergies among agents. We
extend static multi-agent models with interaction among agents by considering dynamics;
furthermore, we extend dynamic multi-agent models by introducing cost synergies.

Most research on the principal-agent problem with interactions among multiple agents
focuses on the design of optimal incentive contracts in a static setting. For instance, Kandel
and Lazear (1992) model peer pressure as a function of all agents’ efforts. They show that
the equilibrium effort with peer pressure is higher than it would be without peer pressure.
The principal-agent model of Winter (2010) asserts that if technology is complementary
across agents, the observability of agents’ efforts increases the probability of the project’s
success. The more transparent each agent’s effort is among peers, the less costly it is for
the principal to provide incentives. Such peer effects are confirmed empirically by Falk and
Ichino (2006) and Mas and Moretti (2009).

This paper differs from the above antecedents in three aspects. First, a dynamic model
enables us to address the timing of agents’ effort and rewards, which cannot be anticipated
by static models. Second, we model the interaction among agents through cost synergies
rather than peer effects; that is, one agent’s effort reduces another agents’ costs of effort.

Third, the interaction modeled by cost synergies does not rely on the observability of agents’



efforts, because the level of one agent’s optimal effort depends only on his expectation of
other agents’ optimal efforts.

Edmans et al. (2013) introduce cost synergies in a static principal-agent model with
multiple agents where one agent’s effort reduces the others’ marginal costs of effort. The
synergy between a pair of agents is the sum of their influence parameters. They derive
optimal contracts for the two- and three-agent cases, in which total payments are increasing
in synergy, and the agent with a larger influence receives greater payments. For the three-
agent model, if one synergy component is strictly larger than the sum of the other two, the
model collapses into a two-agent model. The agent with the least influence makes no effort
and receives no cash flow.

This paper differs from Edmans et al. (2013) in three aspects. First, we build a dynamic
model, which reflects changes in agents’ optimal effort and payment over time, such as
deferred compensation. Second, Edmans et al. (2013) focus on the effect of cost synergies,
fixing the moral hazard severity. We model how the interaction between moral hazard and
cost synergies affects optimal efforts and payment allocation. Third, while Edmans et al.
(2013) model synergies across agents in a more general form (i.e., the function of agents’
influence), we model synergies more transparently: one agent’s effort reduces the other
agent’s cost of effort.

A growing literature examines intertemporal incentive provisions in continuous-time
models. For instance, Holmstrom and Milgrom (1987), Schéttler and Sung (1993), and Sung
(1995) obtain an optimal contract which is linear in output under different model settings.
Dybvig and Lutz (1993) study a two-sided moral hazard problem in a product warranty
context. One agent (a producer) exerts upfront effort that determines the durability of
the product; the other agent (a consumer) exerts ongoing effort to maintain the product.
Yang (2010) extends Dybvig and Lutz (1993) by introducing a third agent exerting effort
over time. This three-sided model sheds light on a broader set of contracting problems
involving multiple agents with different timelines for exerting effort and reaping rewards.
However, these continuous-time models do not account for the interaction among agents.
In contrast, this paper bridges the gap by modeling the interplay between moral hazard and

cost synergies in a three-sided model. In the presence of cost synergies, one agent takes into



account the other agent’s optimal effort explicitly when determining his own effort level.

Another closely related paper is Georgiadis (2015), who develops a dynamic model that
a group of agents collaborate to complete a project. A pay-off is generated only upon
completion. Georgiadis (2015) discusses dynamic incentives and focuses on the optimal
team size. In contrast, we model the timing of agents’ effort and cost synergies across
agents. This paper’s payment scheme reflects the timing of efforts as well as cost synergies
across agents, while the back-loading compensation scheme in Georgiadis (2015) applies to
different situations in the real world.

The rest of the paper is organized as follows. In Section 2, we present a continuous-time
model with two-sided moral hazard and cost synergies. We discuss how moral hazard and
cost synergies affect incentives. In Section 3, we present a three-sided moral hazard model
with cost synergies. We derive the optimal contracts for the symmetric and general cases
in Sections 4 and 5, respectively. Section 6 concludes the paper. Appendix A includes all

proofs.

2 Two-Sided Moral Hazard Model with Cost Synergies

To highlight the effects of cost synergies, moral hazard in teams, and their interaction on
optimal contracting, we first study a continuous-time model with two-sided moral hazard

and cost synergies.

2.1 The Model

A project spanning the period from time 0 to time 7" generates cash flow at a fixed rate b
so long as two agents continue to manage it successfully. At the outset of the project, these
agents agree on a compensation contract: Agent 1 receives ¢ (), a measurable function from
[0,T] to [0,b], and Agent 2 collects the remaining cash flows, b — ¢;(t). The agents divide
the cash flow completely at each moment, and no agent receives more than the available
total cash flow. This reflects the assumption that each agent is protected by limited liability
and makes no additional investment at any moment during the project’s life. This pay-as-

you-go setting is consistent with real-world scenarios such as profit sharing among business



partners.

Given the incentive contract above, Agents 1 and 2 exert ongoing effort e (t) and ex(t)
to maintain the business at moment ¢. e;(-) : [0,7] — [0,1] of agent i (for i = 1,2) is a
measurable function; it is costly and unobservable to the other agent. The efforts of the
two agents jointly affect the project’s survival. The more efforts they exert, the higher the
project’s survival rate and the longer its expected lifespan.

A key and novel feature of this model is cost synergies between the agents. We model
cost synergies directly in the cost functions; that is, one agent’s effort reduces the other’s cost
of effort. The cost functions of Agents 1 and 2 are defined by C; = ki (e1(t) —e21e2(¢))? and
Co = ka(ea(t) — e12e1(t))?, respectively.! The positive constant k; (for i = 1,2) represents
the unit cost of effort for agent i. The term e9; captures the influence of Agent 2’s effort
on Agent 1’s cost of effort; that is, Agent 2’s effort reduces Agent 1’s cost with an influence
factor of €9;. Similarly, €12 is the influence of Agent 1’s effort on Agent 2’s cost. To study
the effect of cost saving, we assume that 91, e19 > 0.?

For tractability, we assume a simple information structure: the only uncertainty is the
timing of project failure. The two agents’ efforts jointly determine the project’s survival.
For convenience, we model the failure rather than the survival of the project. The absolute
failure rate (probability density of the failure time) of the project at time ¢t € [0, 7] is given

by

t t

(1- 61(7'))d7'+m2/ (1= es(r))dr,

T7=0

f(tier(s),e2(), m1,ma) = m1/

7=0
where mj(1 — e;(7)) and ma(1 — ez(7)) are the effects of reduced effort from Agents 1 and
2 on the failure rate, respectively. Such shirking increases the probability of failure by
destroying items related to the productivity of the project. Therefore, the probability that

the project fails at or before time t, F(¢;e1(-),ea(:), my1, ma) (referred to as F(t) hereafter),

!The cost of each agent is convex in his own effort. When the incentive compatibility constraints are
satisfied, the quadratic cost functions of Agents 1 and 2 are monotonically increasing in e;(-) and ea(+),
respectively. Moreover, e1(t) — e21e2(t) > 0 and ex(t) — e12e1(t) > 0, see (4) and (5). This setting is
implicitly adopted in the literature on social and economic networks to capture influences between agents;

see, for example, Ballester et al. (2006).
For negative influence parameters, Lazear (1989) models a related concept as “sabotage”.



is

— /St_o/:O(1—el(T))des+m2 /t_o /Ts_o(l—ez(r))des. (1)

The expected social surplus, II, is the expected cash flows net of costs of effort:
T T T
m=b / (1 — F())dt — by / (e1(t) — emen(t))2dt — ks / (ealt) — e (£)%dt. (2)
t=0 t=0 t=0
The term b fOT (1—F(t))dt represents the expected cash flows of the project over its life, since
1 — F(t) is the project’s survival probability at time ¢. The maximization of the expected
social surplus satisfies the incentive compatibility (IC) constraint of each agent.
Assuming that Agents 1 and 2 have linear utilities above zero and are indifferent to re-
ceiving a dollar either today or tomorrow, we express their utilities as the expected payments

net of costs of effort:

= [ - Fo -k [ @ - e

?0 t=0 .
H2 = (b — Cl(t))(l — F(t))dt — kg / (62(t) — 61261(t))2dt,
t=0 t=0

where the first term is the expected payments and the second one is the expected costs. The
optimal contracting problem aims to maximize the expected social surplus II subject to IC
constraints. We derive the optimal efforts of the two agents using the first-order approach
because the agents’ optimization problem is convex.

Changing the order of integration, we have the following fact:

[ s [ swarasai= [ g0 [ syiisar )

Substituting the probability of failure F'(t) in (1) and applying (3) to ft pci(t)(1—F(t))dt

we rewrite Agent 1’s utility as

T
H1 = m1 / dt/ / deS — k‘l (el(t) - 82162(t))2dt — 71,
s=t JT=s

t=0
where 7 is independent of e; (- ) Maximizing II; over e;(-) pointwise yields the optimal

effort for Agent 1 as

ei(t) = 2k1/5 t/T Scl(T)deS+€21€2() (4)

ey = [T e(t) (1 /2 —ma [* [T (1 62(7))de$) dt

9



Similarly, the optimal effort for Agent 2 is

t)—%/s t/T (b= ca(m)drds + a0 (5)

The optimal contract solves the following reduced-form optimization Problem 1.

Problem 1. Choose the payment 0 < ¢1(t) < b to Agent 1 to maximize the expected social
surplus given in (2), subject to IC constraints given in (4) and (5), where the cumulative

failure rate at time t, F(t), is given in (1).

We now explain how cost synergies affect the optimal equilibrium efforts before solving
Problem 1. The equilibrium efforts for Agents 1 and 2, derived from the IC constraints in

(4) and (5), can be rewritten as follows:

T)dTd — — ))drd

61 <2k1 /s t /r s Tas 621 /s t /r s Cl ! s)

e (b—cy(r))drds + ¢ / / deS)
2 <2k2 /s t /T s 1 2ok le s=t Jr=s

where ¢ = (1 — e12691)~! > 1 is an amplification factor. In equilibrium, these optimal
efforts form a feedback or echo system, which is similar to Edmans et al. (2013). The
optimal efforts are amplified by cost synergies in two ways. First, the terms c¢;(¢) and
b—ci1(t) are nonnegative. The second terms in the parentheses are thus positive. Therefore,
an agent’s influence directly increases the other agent’s optimal effort. Second, the optimal
effort can be further increased by the amplification factor € > 1.

For expositional simplicity, we introduce two notations before presenting the optimal

_ mi/ki
i = m, Tk be the

2
contract. Let s; = Zg
relative moral hazard of agent i to agent j, where i,j = 1,2 and ¢ # j. Rz and Rg; are

the reciprocals of each other, i.e., R1oRo; = 1.

2.2 The Optimal Contract

We will show that in the optimal contract, two agents split the constant cash flow propor-
tionally at all times. The moral hazard and cost synergies jointly determine each agent’s
share. Specifically, the payment to an agent is increasing in the agent’s influence on cost

savings. An agent will claim all cash flows if his influence is larger than the moral hazard

10



of the other agent relative to his moral hazard (i.e., €12 > R21). Moreover, compared to
the case without cost synergies, synergies not only reallocate cash flows between the two
agents but also improve the expected social surplus.

We summarize technical conditions in Assumption 1 and the optimal contract in Propo-

sition 1:

Assumption 1. Parameters in Problem 1 satisfy the following conditions.
(i) 3(mi+mo)T? < 1;

(i) FE0T2 (1 +e21/Riz) <1 —erzem and FEUT? (1 +e12/Ron) < 1 — e19621;
(iii) e12,€21 > 0 and 12691 < 1.

Assumption 1(i) ensures that the probability of failure 0 < F'(t) < 1. Assumption 1(ii)
implies that 0 < e; < 1, for ¢ = 1,2. Assumption 1(iii) ensures that 12691 < 1, because
both m; and k; (for ¢ = 1,2) are positive constants. Non-negative influence parameters in

Assumption 1(iii) reflect cost synergies between the two agents.

Proposition 1 (Proportional Sharing). Under Assumption 1, two agents share the project’s
cash flows proportionally. Agent 1 collects ¢i(t) and Agent 2 collects the remainder, b—ci(t).
The payment to Agent 1, ci(t) fort € [0,T], is given by

b, if €12 > Ra1 = Zfﬁf,
Ci(t) = 0, Zf €921 Z R12 = ﬁ;;:;, <6)

c1(t), all other cases;

where c1(t) is defined as:

S1 ma €21
t) = be | 1+ — 1-——1. 7
Cl() 51+ 59 E( 612m1> < Rm) ( )

Proof. Let x(t) = fsT:t fTTZS c1(7)drds be a state variable. Substituting it into the expected

social surplus in (2) and using the integration by parts in formula (3), we have
my e\ [T 2 T
=+ sibe (14 e0,™2) (1- 221 / ST —12dt — (s1+ 50) | 22(W)dt, (8)
m t=0

1 Ri2 =0

11



where 7 is a constant independent of the state variable :Jc(-).4 Maximizing II with respect

to z(-) pointwise, we obtain the optimal state as

T T
S1 my €21
¥ (t) = be |1+ e19— 1 — — ) drds.
®) /t /s 51 + s2 ( 127711)( R12> !

Given that z(t) = fST:t fTT:S c1(7)drds, the optimal payment c;(-) is given by (7). Moreover,

we have

b—er(t) = —2 be(1+621m1> <1€12> 9)

51+ 89 mo Ra1

Recall that 0 < ¢1(t),b—c1(t) < b. Then, from (7) and (9), we obtain the optimal payment

for Agent 1 as given in (6). O

Note in the model without cost synergies (that is, €12 = €21 = 0), the agent with
more severe moral hazard receives a larger fraction of the cash flows (s;/(s1 + s2) for ¢ =
1,2). When cost synergies exist, the split is jointly determined by moral hazard and cost
synergies.’

Corollary 2.1 below summarizes how agents’ influences affect the allocation of cash flows.
Taking derivatives on both sides of (7), we show that one agent’s payment is increasing in

his own influence and decreasing in the other agent’s influence.

Corollary 2.1. c¢i(-) defined in (7) is monotonically increasing in €12 and decreasing in

€921.

Substituting the optimal payment for Agent 1 in (6) and (9) into (4) and (5), we have
the optimal efforts for Agents 1 and 2 in Corollary 2.2 below.

Corollary 2.2. Suppose Assumption 1 holds. The optimal efforts for Agents 1 and 2 are
(i) ei(t) = Freb(T = 1)* and e5(t) = e1zei(t) for 12 > Rar; (it) €i(t) = enes(t) and

471'0 =bT — (m1 + mg)T3/6 — Szb2T5/20 + ¢ (1 + 621m1/m2) (82b2T5)/10.
5Ag;ent 1 (Agent 2) collects all the cash flows if 12 > Ra21 (€21 > Ri2). Moreover, €12 > Ro21 implies that

€21 < Ri2, and vice versa. From Assumption 1(iii) and definitions of R12 and Ra1, €12621 < 1 = R12R21.

Dividing by €12 on both sides of the inequality, we can see the result immediately.

12



es(t) = Zl%eb(T —1)? for e91 > Ri2; and (iii) for all other cases, we have
mi (T — t)2 €921 S1 mo €921 2
() = b 1 R N
¢i(t) 4k © Ri2 * s1+ 82E e my Ri2 '

ma(T — t)? €12 82 mi 12\’
5(t) = b 1 — 1—— .
62( ) 4kq c Roa1 + S1 + 826 tea mo Ro1

Proof. The optimal payment for Agent 1 is a constant ¢j. By (4) and (5), we have

* 4 * x €21 * ma2 (T B t)2 < * x €12 )
=" T8 (-2 ) e =22 T () 22 ),
ey (t) Ak, (Cl ( C1)R12> e5(t) Ay ( 1)+ 4 Rot

Thus, cases (i) and (ii) are straightforward by noting the optimal payment for Agent 1 in
(6). To derive e} (t) given in (iii), we substitute (7) into the above formula while noting that
i+ (b—ci)ear/Riz2 = ¢ (1 —e21/Ri2) +bea1/Ria. We can derive e5(t) similarly substituting
(9) into the above formula of e}(t). O

Agent 1 does not observe the effort of Agent 2 but correctly expects it in equilibrium. An
interesting phenomenon is that if Agent 1 receives no payment, all Agent 1’s effort comes
from Agent 2, whose effort reduces the cost of Agent 1’s effort to zero in equilibrium. Agent
1 serves as an important channel amplifying Agent 2’s effort.

Moreover, we show that cost synergies improve the expected social surplus.

Corollary 2.3. Suppose Assumption 1 holds. If one influence factor is strictly positive;
that is, if €19 > 0 or €91 > 0, the expected social surplus is larger than that in the case

without cost synergies.

Proof. Denote Il(e12, £21) as the expected social surplus in equilibrium. Completing a square

in (8), we have

v1° T (T — 1)\ °
H=m+ g (”5212;) (it [ (x<t>—cl“<2>> i

T _
+ (81 + 82) /to C%(t)(T4t)4dt,

where g = bT — (my +ma)T3/6 — s2b>T? /20 and c;(t) is given by (7). Then, the expected

social surplus in equilibrium is

275 my 522 mo 2 €91 2
(e12,691) = M2 + soe ([1+en— |+ (L+ep— 1=z, '
(12,€21) = M2 + 5 ( 2 ( 21m2> 2(s1 + s2) ( 12ml) < R12>

13




Ol (e12,€21)
Oe12

Taking derivatives on both sides, we have > 0 for all 19 > 0 and €91 > 0.

Similarly, we could rewrite the social surplus as

275 ma §2¢2 m\ 2 £12 ) 2
M(erz,e21) = m + —— | s16 ( Lhenn— |+ 5= — (1+en Y R ’
(e12,€21) 1 10 ( 1 < 12m1> 2(s1 + s2) ( 21m2> ( RQI)

where 71 = bT — (m1 +m2)T3/6 — 516°T/20. So we have H(%im) > 0 for all €19 > 0 and

€921 2 0. ]

Thus, cost synergies not only adjust cash flow allocations, but also improve efficiency. In the
presence of cost synergies, allocating more cash flows to the more influential agent mitigates
the efficiency loss due to moral hazard. Figure 1 provides a numerical example that the
expected social surplus is monotonically increasing in the influence factor €19, given that

other parameters are constants.
[Figure 1 about here.]

To focus on the effect of cost synergies, we next examine a special case in which the
two agents have the same severity of moral hazard; that is, m3/k1 = m3/ks (s1 = s2).
Combining this assumption with the payment for Agent 1 in (6), we have the following

corollary.

Corollary 2.4. Suppose Assumption 1 holds and m?2/k; = m3/ka. The optimal payment
for Agent 1 4s (i) b, if 12 > Ror; (i) 0, if e > Raz; (idi) 5 + 35(7%21 — =L), all other

cases. Agent 2 collects the remaining cash flows, b — ci(t) for t € [0,T].

In this symmetric case, two agents still divide the cash flows proportionally. When the
agents’ moral hazard is equally severe, the agent with a relatively large influence (e.g.,
€12/€21 > ki /ks) receives more payments. In the extreme case, when one agent’s influence
substantially exceeds the other’s, the more influential agent collects all cash flows. The less

influential agent exerts positive effort but incurs zero cost due to cost synergies.

3 Three-Sided Moral Hazard Model with Cost Synergies

This section presents the basic analysis of a continuous-time model with three-sided moral

hazard and cost synergies. We introduce a new agent, Agent 0, who exerts effort at the
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outset to establish the project. Agents 1 and 2 exert ongoing efforts to maintain the project
and generate cash flows. Different timing of Agent 0’s effort enriches the dynamic model
and expands its application to a broader set of real-world problems.

The model parameters are set as follows. Three agents engage in a project as a team.
As in the two-sided moral hazard model, the project spans the period from time 0 to time
T. The project generates cash flow at a fixed rate b during its lifespan. At the outset, three
agents sign an incentive contract dividing the project’s entire cash flows. The payment for
agent ¢ (for ¢« = 1,2) is a measurable function ¢;(-) : [0,7] — [0,b]. Agent O receives the
residual (b — c1(t) — ca(t)) at each time ¢. Payments must be nonnegative and the budget
must be balanced, i.e., ¢1(t) > 0, co(t) > 0, and ¢1(t) + c2(t) < b.

Agent 0’s effort is eg € [0, ¢], where ¢ > 0 is the maximum level of effort. The effort for
agent ¢ (for i = 1,2) is a measurable function e; : [0,7] — [0, 1]. The effort of each agent is

costly and unobservable to other agents. Agent 0’s cost is defined as
Cy = 'ye%,

where v (a positive constant) is the unit cost of effort.
The central feature of this model is that the cost of effort for Agent 1 depends not only
on his own effort but also on the effort of Agent 2, and vice versa. The cost functions for

Agents 1 and 2 are
C = kl(el(t) - 62162(t))2, Cy = k‘g(ez(t) - 81261(t))2,

respectively, where influence factors 1o > 0 and €91 > 0 reflect cost synergies.
The absolute failure rate of the project at time ¢t € [0,T] is

t t

(1- 61(7))d7+m2/ (1 ea())dr,

=0

F(tseo, e1(), ea(-); bymi, mz) = (& — eo) + my /

=0
where my and my are positive constants representing each agent’s moral hazard. Three
sources of moral hazard are additive. Agent 0’s effort has a constant impact ¢ — ey on the
failure rate throughout the life of the project. The impact of agent ¢ (for i = 1,2) on the
failure rate accumulates over time, i.e., fg m;(1 —e;(7))dr. Therefore, F(t), the probability

of failure before or at time ¢, (the dependence on ey, e1(-), e2(:), ¢, mi, my is omitted for
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simplicity), is given by

Ft) = (6 — eo)t +ma /:0/:0(1—61(7'))d7'ds+m2 /:0 /;(1—62(7))617@, (10)

where ¢T" + £ (mq +m2)T? < 1 to ensure F(t) < 1 for all effort levels and each t € [0, 7).
The three agents form a three-sided moral hazard problem — maximizing the expected
social surplus of the project, which is the expected cash flows net of the total costs of effort:

T T

T
I = /to b(1 — F(t))dt — ye§ — ki /to(e1(t) — eorea(t))2dt — ko /t0(62(t) — epsen(t))2dt
(11)

The maximization of the expected social surplus is subject to each agent’s IC constraint;
that is, each agent chooses effort to maximize his own utility, the expected payment net of
the cost of effort. The utilities of Agent 0, Agent 1, and Agent 2 are:
T
tlo= [ (b= cat) = ()1 = F(0)at = e

m - | a1 PO by / () —emealt) P,

=0 =0

- | " e~ F@)dt — ks / " ea(t) — evaer (1) .

=0 =0
By changing the order of integration, we replace agents’ IC constraints with the first-order

conditions in the following lemma.

Lemma 3.1 (IC Constraints). The optimal efforts of Agents 0, 1, and 2 satisfy the following

IC constraints:

T T
- / e~ (12)
t) = 2k1/s t/r SC]_(T)deS"‘(‘:Q]_eQ() (13)
ea(t) = 2k2/5 t/T SCQ(T)deS+€1261() (14)

Proof of Lemma 3.1. Changing the order of integration, we obtain

T t T T
" -a( - / st /t:o / (b= a(r) = ca(r)drit
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Therefore, Agent 0’s utility is reduced into

T T
H() —60/ / (b—Cl(T) —02(7))d7dt—’ye(2)—|-7rg,
t=0 J 1=t

6

where 7y is independent of ey.” Maximizing Ily over ey pointwise, we obtain the optimal
effort for Agent 0 in (12).
Substituting (10) into ftzo c1(t)(1 — F(t))dt and changing the order of integration using

(3), we rewrite Agent 1’s utility as

T T
II, =my / / / deSdt kq / (el(t) — €91€9 (t))zdt + 7,
t=0 s=t Jr=s t=0

where m; is independent of ej(-).” Maximizing II; over ei(-) pointwise yields Agent 1’s

optimal effort in (13). Similarly, Agent 2’s optimal effort is given in (14). O

The dynamic contracting problem is now reduced into an optimization problem, which

is summarized below in Problem 2.

Problem 2. Choose payments c1(t) and ca(t) (satisfying 0 < c1(t)+c2(t) < b and ¢;(t) > 0,
i =1,2) to maximize the expected social surplus given in (11), subject to the IC constraints

given in (12), (13), and (14), where the cumulative failure rate at time t, F(t), is given in

(10).

Similar to the two-sided model, we first present intuitions on how cost synergies work.
Rewriting the equilibrium efforts of Agents 1 and 2 in (13) and (14) leads to the following

new conditions:

cﬂ®:%1<1t[s mw+@mm/ Zs m%) (15)
es(t) = 2k2 (/S t/T ) drds—i—slgng/ /TS deS) (16)

This is a feedback or echo system. Given that Agents 1 and 2 at most split the cash flow
(i.e., 0 < c1(t) + ca(t) < b), cost synergies increase the agents’ optimal efforts by the non-
negative second term in the parentheses in (15) and (16), and by the amplification effect of
the feedback system via & = (1 — g19e91) 7% > 1.

We summarize technical conditions on model parameters in Assumption 2 below.

Sn0 = ftj;o(b —c1(t) — c2(t)) (1 — ¢t — f fT 0(m1 miei(T) +mga — MQSQ(T))deS) dt.
Tmo= [T e(t) (1 — (P —eo)t —mat? /2 —ma [T [ (1~ ez(T))des) dt.

17



Assumption 2. Parameters in Problem 2 satisfy the following conditions:
(i) ¢T + L(mq +ma)T? < 1;

(i) L < ¢

(iii) FOT? (1 + e21/Rig) <1 — 19891 and FAOT? (1 + €12/Ra1) <1 — e19e21;
(iv) e12,€21 > 0 and e19e21 < 1.

Assumption 2(i) guarantees that the probability of failure F(t) < 1. Assumptions 2(ii)
and (iii) ensure that eg < ¢ and e; < 1 for ¢ = 1,2. Because m; and k; (for i = 1,2)
are positive constants, Assumption 2(iii) implies that the amplification factor is greater
than one, ie., ¢ = (1 — 512521)’1 > 1. For clarity, we make this assumption explicitly
in Assumption 2(iv). Non-negative influence parameters in Assumption 2(iv) reflect cost
synergies between Agents 1 and 2.

In the next two sections, we discuss the solutions to Problem 2, i.e., the optimal payment

schemes under different scenarios.

4 The Optimal Contract for the Symmetric Case

This section provides an optimal contract for Problem 2 when Agents 1 and 2 are symmetric:
the ratio of Agent 1’s influence to Agent 2’s influence equals the ratio of Agent 1’s unit cost
of effort to Agent 2’s unit cost of effort, and both agents have the same severity of moral
hazard, i.e., €12/e91 = m?/m3 = k1 /ke. Under the optimal contract, Agent 0, who exerts
upfront effort, claims all cash flows until a predetermined cutoff date, after which Agents 1
and 2 share the cash flows equally. The larger the cost synergies, the earlier Agents 1 and
2 start receiving the cash flows. Moreover, in the presence of cost synergies, the expected

social surplus is larger than that in the model without cost synergies.

Proposition 2. Suppose Assumption 2 holds and e12/c91 = m2/m3 = ki/k2.® In the

8We use the condition €12/c01 = m2/m3 = ki /ko for expositional simplicity. In Appendix A, we analyze
Problem 2 and prove Proposition 2 under a weaker condition €12msa/m1 = €21m1/m2 (including the case

€12 = €21 = 0) and s1 = s2. Note that m%/m% = ki1 /k2 implies s1 = so.
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optimal contract, there exists a cutoff date t. in (0,T) determined by

m1 + €12M2 ti - 4th + 6771, + ti’ - H =0 (17)

mi1 — €19M2 6 5 S17Y
such that (i) Agent 0 claims all cash flows prior to t., namely, c;(t) = c3(t) =0 fort < t¢;
and (i) Agents 1 and 2 share the cash flows equally after t., namely, ci(t) = c5(t) = % for

t > 1.
Proof. See Appendix A. O

Note that the cutoff date t. determined by equation (17) is an implicit function of the
influence of Agent 2, i.e., €91.” In the absence of cost synergies, the optimal payment
scheme is the same as that of Yang (2010). This can be seen by letting €12 = €21 = 0 in
(17).

Taking the total derivative on both sides of (17) with respect to €12, €21 and 1/(s17),

respectively, we have the comparative statistics below in Corollary 4.1.

Corollary 4.1. The cutoff date t. is monotonically decreasing in €12 and €21, and increasing

in1/(s17).
Proof. See Appendix A.3. O

Greater cost synergies between agents 1 and 2 increase the period over which the two
agents split the cash flows of the project (a smaller ¢.). Specifically, Agents 1 and 2 receive
larger payments than in the case without cost synergies, while Agent 0 receives a smaller
payment. Recall that 1/7, s1, and sy represent the moral hazard severity of Agents 0, 1,
and 2, respectively. A larger 1/(s17) indicates that Agent 0’s moral hazard is more severe
relative to that of Agents 1 and 2. Hence, Agent 0 receives more payments (a larger t.) to
improve incentives.

Substituting the optimal payment scheme given in Proposition 2 into the IC constraints

in Lemma 3.1, we have the optimal efforts summarized in the following corollary:

glt can be seen from that (m1 + Elgmz)/(ml — E12M2) = (MQ + 821777,1)/(7712 — 521m1), which is 1mphed

by 612/821 = m%/m%
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Corollary 4.2. If the conditions in Proposition 2 hold, the optimal efforts are

L bt
€y = iy’
eift) = — ’;7:11 (T = 1) — (fe — )10, (1)) (18)
e3lt) = (T 1) — (1o~ 010 1) (19
Proof. See Appendix A.3. O

Although all three agents exert suboptimal effort, Agents 1 and 2 exert greater efforts (cf.
(18) and (19)) than in the case without cost synergies, due to the amplification factors
mi/(my — e1ama) > 1, ma/(ma — ea1my) > 1 and a smaller cutoff date ¢. (cf. Corollary
4.1).1% In contrast, Agent 0 exerts less effort than in the case without synergies, because he
claims all cash flows for a shorter period of time (a smaller t.).

The corollary below compares the expected social surplus and the payment scheme with

those in the model without cost synergies.

Corollary 4.3. Suppose the conditions in Proposition 2 hold. If one influence factor is

positive, then the expected social surplus is larger than that in the case without cost synergies.
Proof. See Appendix A.3. O

Without cost synergies, the efficiency loss is increasing in the severity of the agents’ moral
hazard (p.1582, Yang, 2010). Cost synergies mitigates the efficiency loss due to moral hazard
and improve the expected social surplus. Figure 2 provides an example that the expected

social surplus is monotonically increasing in €12 (equivalently, €21) in this symmetric case.

[Figure 2 about here.]

5 Optimal Contracts for General Cases

This section provides optimal contracts for Problem 2 for general cases when Agents 1 and

2 are not symmetric. In the optimal contract, Agent 0 receives all cash flows until a known

"By €13/e01 = mi/m3, we have 1 — e1ama/m1 = 1 — /E12€21. Thus, (1 — e12m2/m1)~" > 1 because of

0 < 12621 < 1. Similarly, we have (1 — ea1m1/m2)~" > 1.
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cutoff date. If Agent 1’s influence is larger than Agent 2’s moral hazard relative to Agent

— mg/kz

1’s (i.e., €12 > Ro1 = m1/k1)’ then Agent 1 claims all cash flows after Agent 0 is fully

compensated. Agent 2 receives no payments at all. The optimal contract is summarized
in Proposition 3 below. In a more general setting, Agent 0 claims all cash flows before a
cutoff date. Subsequently, Agents 1 and 2 receive cash flows alternately with an increasing

frequency of switches. Section 5.1 discusses this case.

Proposition 3. Suppose that Assumption 2 holds and 12 > Ro1. In the optimal contract,

there exists a cutoff date t. satisfying

3 — ATt + 6Tt T2 — ¢2
€E€19 (Tnz + 621> ¢ et 4+ ti - ¢ 0, (20)
my 3 517

such that (i) Agent 0 claims all cash flows prior to t., namely, c;(t) = c3(t) =0 fort < t¢;
and (ii) Agent 1 claims all cash flows after t., and Agent 2 receives no payments, namely,

ci(t) =0 and c(t) =0 fort > t..
Proof. See Appendix A.3. OJ

This type of optimal contract cannot be anticipated by the three-sided model without
cost synergies. Agent 2 receives nothing over the project’s lifespan, because his effort is
completely driven by Agent 1’s influence (see the optimal effort in (21) below). Given that
€12 > Ro1 is equivalent to €91 < Ri2, we can derive the optimal contract for €97 > R12 by
swapping the subscripts 1 and 2 and Agents 1 and 2 in Proposition 3.

We next show how the cutoff date depends on cost synergies and the relative severity
of moral hazard. By taking total derivatives on both sides of (20) with respect to €12, €21,
and 1/(s17), respectively, we obtain comparative statistics for the cutoff date in Corollary

5.1 below.

Corollary 5.1. Suppose that Assumption 2 holds and €12 > Ro1. The cutoff date t. is

monotonically decreasing in €12 and €91, and increasing in 1/(s17y).
Proof. See Appendix A.3. OJ

The cutoff date t. is jointly determined by the agents’ moral hazard and influence parame-

ters. If Agent 0’s moral hazard is more severe relative to Agent 1’s (a larger 1/(s17)), then
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Agent 0 receives greater payments (i.e., a larger t.). On the other hand, if cost synergies
are larger, Agent 1 receives greater payments (i.e., a smaller ¢.). Given e12 > Ro1, Agent 1
benefits from exerting a larger influence by collecting all cash flows after the cutoff date.
Similar to Corollary 4.2, we calculate the optimal effort using the allocation rule in
Proposition 3 and the IC constraints in Lemma 3.1. The results are summarized below in

Corollary 5.2.

Corollary 5.2. Suppose that Assumption 2 holds and €12 > Ra1. The optimal efforts eg,

e], and e5 are

btz « miq

€ = 4y er(t) = 4k,

be (T —t)* = (te — )L (1)) , €5(t) = 121 (t)". (21)
Cost synergies improve Agent 1’s effort by an amplifier € > 1 and via a smaller ¢.. Larger
cost synergies allow Agent 1 to collect the cash flows for a longer time period (a smaller ¢., see
Corollary 5.1) and motivate Agent 1 to exert a greater effort. An interesting observation is
that even though Agent 2’s effort stems solely from the Agent 1’s influence, his amplification
role is important. More specifically, Agent 2’s effort reduces the cost of Agent 1, which in

turn increases Agent 1’s optimal effort. In equilibrium, the effort of Agent 1 reduces Agent

2’s cost of effort to zero.

5.1 Discussion

In the three-sided moral hazard model with cost synergies, Agent 0 receives all cash flows
until a predetermined cutoff date, while Agents 1 and 2 divide all subsequent cash flows.
If Agents 1 and 2 are symmetric, they split the cash flows equally at all times. Cost
synergies improve these latter agents’ optimal efforts while reducing the effort level of Agent
0. Moreover, the expected social surplus increases as cost synergies increase.

If Agent 1’s influence is larger than the ratio of Agent 2’s moral hazard to Agent 1’s moral
hazard (e12 > Ro1), then Agent 1 collects all cash flows after Agent 0 is fully compensated.
Relative to the case without cost synergies, Agent 1 receives cash flows for a longer period.
The presence of Agent 2 improves Agent 1’s incentives, even though Agent 2’s effort is

completely driven by Agent 1’s influence.

22



Other types of optimal contracts exist under different combinations of parameters. If
s1 > s9 and €12/e91 = m%/m%, Agent 0 claims all cash flows before the first cutoff date .,
Agent 1 claims all cash flows from ¢. to a second cutoff date t., and Agent 2 collects all
cash flows after t.. Appendix A.4 provides an analysis of this case. In a more general case,
after Agent 0 is fully paid, Agents 1 and 2 alternate in receiving all cash flows, doing so
with an increasing frequency. In a finite time, the switches become infinitely frequent, and
the system reaches an accumulation point, at which the two agents start splitting the cash
flows in a fixed proportion. The proportion is determined by both the agents’ severities of
moral hazard and influenced on cost saving. This case corresponds to a chattering control
(see, for example, Fuller (1963) and Section 2.1 of Yang (2010)).

Modeling cost synergies between Agents 1 and 2 is economically intuitive and analytical-
ly tractable. If we model cost synergies between Agent 0 and Agent 1, then a coupling term,
eoe1(+), appears in the social surplus in Problem 2. We cannot solve such a model analyt-
ically. Indeed, the optimal control problem with such coupling terms is time-inconsistent,
and its tractability problem is widely recognized. Marin-Solano and Navas (2009) suggest
that these kinds of control problems in continuous time receive less attention because of
their complexity. One example of time-inconsistent control in economics is the so-called
(quasi) hyperbolic discount functions (see, for example, Phelps and Pollak (1968) and Pol-
lak (1968)).

6 Conclusion

This paper examines a dynamic contracting problem with three-sided moral hazard and
cost synergies. One agent exerts upfront effort to set up a project; two others exert ongoing
effort to manage it. The agents exerting ongoing effort have cost synergies; that is, one’s
effort reduces the other’s cost of effort. The agents’ efforts jointly determine the probability
of the project’s survival and its expected cash flows.

In the optimal contract, payment timing reflects the timing of agents’ efforts as well
as the effect of cost synergies. The agent exerting upfront effort is penalized for an early

failure, while the two agents with ongoing efforts are penalized for any failure occurring
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before the project reaches the end of its lifespan. Project cash flows are divided as follows:
the agent exerting upfront effort claims all cash flows prior to a cutoff date, and the two
agents exerting ongoing effort divide all subsequent cash flows. The allocation of cash flows
between the latter two agents shows several patterns. When they are symmetric, they split
the cash flows equally. In an extreme case, the agent with substantially larger influence
claims all cash flows. In a more typical setting, the two agents alternate in receiving all
cash flows with an increasing frequency of payment switches. Compared with a baseline
model without cost synergies, the cutoff date is earlier, giving the two agents exerting
ongoing effort a larger share of the cash flows. The model provides a dynamic framework
for analyzing business contracting problems, such as compensation plans in startups and

profit sharing among business partners.

A Solving Problem 2

This section provides proofs for the main results. In Section A.1, we use the maximum
principle to determine the optimal strategy for Problem 2. In Section A.2, we further
analyze switching functions. All the proofs for the main results are presented in Section

A.3. We discuss the optimal contracting problem for general cases in Section A.4.

A.1 Analysis of Problem 2

Define new state variables z1(-), z2(-), y1(-), and ya(-) as follows:

T T T /T
)= [ [ a@drds, ax) =0 )= [ [ clrdrds, ) = i)
s=t JT1=s s=t JT=s
(22)
Recall Assumption 2(iv) that 0 < e19e9; < 1 and the definition of the amplification factor
€ = (1 — e12691) " Using (22) to further simplify Equations (12), (15), and (16), we have

EEQ1MY
2ko

Emeo

E€12M
pi(t), ea(t) = 5l + ==

2k

bT?  21(0) + y1(0)
4~y 2y

em
, €1 (t) = ﬂllxl(t) +

€eyp =

xl(t).
(23)

Then Problem 2 is equivalent to a new problem (P) given in Lemma A.1 below.
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Lemma A.1. The reduced-form optimization Problem 2 is equivalent to the following op-

timal control problem (P).

max - TT= 2 f(t 210, yi(0)dt + h(1(0),91(0))
s.t. a(t)+eat) <b; e(t)>0,i=1,2;
£1(t) = 22(t), x1(T) = 0; @2(t) = c1(t), z2(T) = 0;
91(t) = (1), 11(T) = 0; 9a(t) = e2(t), ya(T) = 0;

where h(x1,y1) = —%(:ﬂl + yl)2 and

mo mi
f@ﬂhﬂﬂ)zb47”—02<(1+€m>Sﬂu+-<1+€m)Sﬂn>-—&$%—&w%
mi ma

Proof of Lemma A.1. Let II = b(IIf, + %TQeo + %) + 1" — yed, where Cy = b(T — LTQ -

(mq + mg)%g) and

T 2
= [ (1= Fe)it-e- 0,
t=0

T

T
' = —k /t (e1(t) — etea(t))®dt — ks / (ea(t) — exzea () dt.

=0 t=0
By the definition of F'(- (10) we have

HO—/ / myep (T )desdt+/ / maes(T)dTdsdt.
t=0 Js=0 J71=0 s=0 J717=0

Given the optimal effort in (23), applying integration by part formula (3), we have

2 T 2 T
I, =< (1 + m””) ;’le/ a1 (8)(T — t)2dt + ¢ (1 +521ml> ZZ/ 1 (8)(T — t)2dt.

(24)

Moreover, using the optimal effort in (23), we can derive that

m2 T m2 T
' =- 4k11/ ()dt—%/ Y2 (t)dt. (25)

2 2
Recall that IT = b(II)) + 37%eo + %) +1I' — ve? and s; = 471%’ Sp = ;%. By (24) and (25),
we rewrite the expected social surplus as

m2 r 2 my g 2
II =eb (1 + 812) S1 / Il(t)(T — t) dt + eb (1 + 621) S9 / yl(t)(T — If) dt
my t=0 m2 t

=0
T2 T T
+ — o + Co — ved — s1 / x3(t)dt — 52/ Y2 (t)dt
t=0 =
T BT

_ tzof(t,xl(t)ayl(t))dt+h(xl(())’yl( ))+00+F
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We have the desired conclusion, omitting the constant Cy + %. O

Applying the maximum principle for deterministic optimal control problem (P), we

obtain the Hamiltonian

H(t,zi,yi, Niy i) = f(t,21(2), y1(t)) + A (t)z2(t) + Aa(t)er(t) + pa(H)y2(t) + pa(t)ea(t),

H(0,2;(0),4:(0), \i(0), 1;(0)) = h(x1(0),y1(0)),

where for i = 1,2, z;(-) and y;(-) are state variables, A\;(-) and p;(-) are costate variables
(A2(+) and pa(-) are also called switching functions), and ¢;(+) is the control variable to be

determined. The costates satisfy the following system of differential equations.

M (t) = 25121 () — b(1 + 12222 )esy (T — )2, Ay (0) = 200,

Aa(t) = =M (2), A2(0) = 0; (26)

fur(t) = 2s9y1(t) = b(1 + 9120 )esa(T = £)%, pa(0) = L,

fia(t) = —pa(t), p2(0) = 0.

The Hamiltonian is linear in control variables c¢i(-) and ca(-). Therefore, the optimal
control is a bang-bang control or a singular control. Specifically, maximizing the Hamiltonian

with respect to control variables, we can characterize the optimal policy in the lemma below.
Lemma A.2. The optimal control for problem (P) is determined as follows:

1. if A2(t) < 0 and pa(t) <0, then c1(t) =0 and ca(t) = 0;

2. if Xa(t) > 0 and \a(t) > pa(t), then ci(t) = b and ca(t) = 0;

3. if pa(t) > 0 and pa(t) > Aao(t), then c1(t) =0 and ca(t) = b;

4. if Aa(t) = pa(t) > 0 and t is a singleton, then c1(t) and ca(t) are undetermined;

sz+s<31 (1+512 :n2 ) —S2 <1+821 1

5. if Aa(t) = pa(t) > 0 for allt in an open interval, then ci(t) = ST w2
s1—e| s1 1+812% —S82 1+521%
- ) e 2)

Proof of Lemma A.2. The first four cases are obviously true. We only need to verify the

last case. If Aa(t) = ua(t) > 0, then c1(t) + ca(t) = b and A\o(t) — pa(t) = 0. Equations for
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the costates A\o(t) and pa(t) in (26) lead to the following:

A () = 2181 () + 26(1 + €122 )esy = —2sy01(t) + 2b(1 + 1272 )esy,

m1

/,Lgl) (t) = —2s291(t) + 2b(1 + 621%)582 = —2s9¢o(t) + 2b(1 + 821%)882.

m 2

Combining with the facts ¢;(t) 4+ ca(t) = b and Ag4)(t) = ugl) (t), we can obtain the payment

scheme (i.e., ¢1(t) and cy(t)) for the last case. O

A.2 Analysis of Switching Functions

In this subsection, to make the optimal policy in Lemma A.2 more explicit, we further
analyze the switching functions Ag(-), pa(-) and their relationship. Lemmas A.3 and A.4
together indicate that Aa(+) or pa(-) starts from zero, decreases first, then increases after
it reaches the minimum point. Furthermore, this behavior of Aa(-) or pa(-) holds for all
level of synergy and moral hazard. In addition, Lemma A.5 indicates that Aa(t) > pa(t) for
t € (0,T] if 12 > Ro1. In this case, \o(-) will arrive at 0 first.

Lemma A.3. X(0) = 12(0) = 0, Ap(0) = f12(0) < 0.

Proof of Lemma A.3. By (26), we have Ay(0) = p2(0) = 0 and Ay(0) = /ip(0). Next we
prove that }\2(0) < 0. The payments of Agents 1 and 2 satisfy the following constraints:
c1(t) + ca(t) < b, c1(t) >0, and c2(t) > 0 for all t € [0,T]. According to definitions of state
variables 1 () and y;(¢) in (22), we have z1(0) + y1(0) < bT?/2, x1(0) > 0, and y;(0) > 0.
Then, from (26), we know that

21(0) 4+ y1(0)
R TR <. 2
5 <0 (27)
If A2(0) = 0, then #1(0) = y1(0) = 0, which implies that ¢1(t) = c3(t) = 0 for ¢t € (0,T].
Thus, S\Q(t) = b(l + 612%)551(T — t)2 > 0 and ﬂg(t) = b(l + 521%)682(T — t)2 > 0. Note

that Ap(0) = A2(0) = 0, we conclude that Ao(t) > 0 for t € (0,T]. However, ¢;(t) and

Ja(0) = — M (0) = -

c2(t) cannot be zero simultaneously if A\o(t) > 0 for t € (0,7] (cf. Lemma A.2). Therefore,
A2(0) # 0. Combining this fact with (27), we have A»(0) < 0. Similarly, we can prove that
f12(0) < 0. O

Lemma A.4. For anyt € [0,T), (i) A2(t) > 0 and fiz(t) > 0 if e19 = 91 = 0; (ii) Aa(t) > 0

if€12 > 0,‘ (ZZZ) ﬂg(t) >0 if€21 > 0.
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Proof of Lemma A.J. The first conclusion is the same as that in Lemma 7 of Yang (2010).

Then we consider the second case. By (26), we have
. . m2 2
)\Q(t) = —)\1(75) =b <1 + 812m> 881(T — t) — 2811‘1(15).
1
Recall that ¢ = (1 — 512821)71 > 1, then we have
Xa(t) > belg%esl(T — )2 4 s1(b(T — )2 — 221 (1)) (28)
1

From definitions of the state variables in (22), we have 0 < z1(t) + y1(t) < b(T — t)%/2.
Combining with the fact €10 > 0, we can see that the first term on the right hand side of
(28) is positive and the second term is nonnegative. Therefore, Ao(t) > 0. Similarly, we can

prove that jia(t) > 0 if €97 > 0. O

Lemma A.5. Ifejg > Ry = Z?ﬁ?’ then Ao(t) > fia(t) for all t € [0,T).

Proof of Lemma A.5. By (26), we have

Xo(t) — fin(t) =2s0y1(t) — 25121 (t) + be ((1 + 512:;) 51— (1 + 521’”1> 52> (T — 1)

ma

Adding and subtracting the same term (i.e., s1b(T — t)?), we have

Xo(t) = fia(t) =2s201 (1) + s1(b(T — t)* = 221 (t)) + b(T — t)* - T, (29)

I'=¢ ((1 +8127n2) S1 — (1 +5217nl> 52> — S1.
mi ma

By (22), we have 0 < x1(t),y1(t) < b(T — t)?/2. The first two terms on the right hand side

where

of (29) are nonnegative, thus we only need to show that T' > 0 to ensure \a(t) > jig(t).
Recall that s; = m?/(4k1) and sy = m3/(4ks), we have

2 2
-1 meo mq my ms mi1mso mimso
€ -I'=€12621-851 — 82+ €12——81 —€21—82 = €12621—— — —— + € —€ .
12€21 * S1 2 12m1 1 21m2 2 12 214k1 ey 12 ey 21 ey
A further identical transformation leads to
e 1.T €12 1 mo 2 E12 M2 €91 M2 £12 1 mo mo
27:7621—f — +——= - —— €1+ — | .
m1/4 kl k‘z mq k‘l mi k‘z mi k‘l kz mq mi
So I" > 0 is equivalent to 19 > ma/ks O
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According to aforementioned lemmas, the following conclusions hold for switching func-
tions Ao(+) and po(:): (i) There exists a unique t. € (0,7) such that Ao(:) crosses zero
from below at t. and stays positive afterward; that is, A2(t.) = 0 and A2(t) > 0 for ¢ > t..
Similarly, there exists a unique t. € (0,7 such that ps(t.) = 0 and pa(t) > 0 for t > t..

(ii) If 19 > 2?712, then Ao (t) > pa(t) for all t € (0,7, which means ¢. < t..

A.3 Proofs of the Main Results

Based on the analyses in Sections A.1-A.2, we can prove the main results.

Proof of Proposition 2. The condition e12/e91 = m?/m3% = ky/ky implies that s; = sy and
1+ e19ma/my =1+ e9ymy/mo. By (26), x1(-) and y; () are symmetric, thus \o(-) = pa(+)
are symmetric. Applying Lemmas A.3 and A.4, we conclude Ao(t) = po(t) for all t € [0,T].
Moreover, there exists a unique t. > 0 such that A\o(t.) = pa(tc) = 0. According to
Lemma A.2 and the analysis of the switching functions (Aa(t) = pa(t) < 0 for t € (0,t.),
Xo(t) = pa(t) > 0 for t € (t.,T]), in the optimal contract, Agent 0 claims all cash flows
prior to t.; afterwards, Agents 1 and 2 share all cash flows equally because of s; = so and
1+ e12ma/my1 = 1+ ea3mq/ma.
Next, we determine the value of ¢.. The optimal states z1(¢) and y;(t) are

n1() =y (0) = 3 (T = 1 = (te = 1)Ly (). (30)

Hence x1(0) = y1(0) = b(T? — t2)/4. Substituting (30) into (26), we have

Ao(t) =bsi ((1 + mmg) e 1) /: 0 /STO(T — s)2dsdr

(0)+1(0),

L b / (te — 5)%1j0y ) (s)dsdr — 2 (31)
7=0 Js=0 2y

Note that

te T 4Tt3 T2t2 te
/ / (T — s)*dsdr = + 0 / / (tc —s) l[Ot y(s)dsdr = —c. (32)
=0 Js=0 7=0 J5=0

The point t. is determined by the equation As(t.) = 0. By (31) and (32), t. satisfies the

following equation

Hm@ oL t — ATt + 61212 +g_ Tt —t7 _
mi 2 12 8 4517
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Note that e12/e91 = m%/m% implies e91 = Elgm%/m%. We have

1 1
1— T 2/m?
€12€21 €12 - €12M5 /My

E =

Thus,

mo 1 mi + €12Mm2
2 l4+epp—)e—=)] = ——"7"=.
(( 12m1) 2) m1 — €12M2

The cutoff date, t. > 0, satisfies the following condition:

my + e19ma t5 — AT + 6T%t, 2 T? —t2
_|_ e
mi — €12My 24 8 481’)/

:O’

which is equivalent to (17).

O

Proof of Corollary 4.1. By e12/e21 = m2/m3 and 0 < 12691 < 1 in Assumption 2(iv), we

have mj —e19mg > 0 and mg —e91m > 0. Taking the total derivative on both sides of (17)

with respect to e12 and 1/(s17), respectively, we have

Ot Tty (e = 2T)° +277)

=— <0
+ 4 2 12t ’
derz ezl (3(t — 3T)2 + 3T2) + 92 + %

ot 6(72 — t2) 0
0(1/(s17y)) — muterama (3( . — %T) 2T2) 02 + 2%

mi1—e1omsa S17Y

Similarly, we can show that 0t./0e2; < 0.

Proof of Corollary 4.2. By the allocation rule in Proposition 2, for i = 1,2, we have

/ / Pdrds = / / 1y, 71 (r)drds = b((T—t)2—(tc—t)zl[o,tc)(t)).
s=t JT=s s=t JT=s

From the condition £12/e21 = m3/m3 = ky /ka, we have

mi 1e mo m1 mi mo te mi m2 mo
2]€1 2150 2]€2 2]{1 my1 — 512m2 ka 1250, 2k51 2]€2 mo — 621m1

(33)

(34)

Substituting (33) and (34) into (15) and (16), we have the optimal efforts for Agents 1 and

2 in (18) and (19), respectively. The optimal effort for Agent 0 is obvious.

O

Proof of Corollary 4.5. Without loss of generality, we focus on ;2. We use II(g12) and

tc(e12) to indicate the dependence of the influence parameter. The second conclusion is
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Oll(e12) is

Oe12

directly implied by Corollary 4.1. We prove the first conclusion by showing that

positive. For simplicity, let
mo ¢T2 (m1 + mQ)T3 b214
=¢€19— =b|T— — .
ez ( 2 6 T 16y
By Lemma A.1, the expected social surplus is
1 T T (T —t)?
M(e1s) =m0 — ~22(0) — 251 / 2(t)dt + 25, / MO (hyat. (35)
Y t=0 t=0 l—a«
Note that
T Tt
c C C (36)

T
T— 2 c 21 - 30°
/0 ( )= (te — )" 1jg 1. (t)dt 3 6 * 30

Using (36) and the optimal state given in (30), we have the following formulas

b(T? — 2
ni() = 1), (37)
T 2 5 4 213 5
V225 Tt 21 T
/ s(t)dt =— | =2 4 =< — S+ —, (38)
0 16\15 3 3 5
T 2 5 5 4 243
V(T T T
WT — )y (t)dt == | — — [ & — = <. 39
[ v oo =5 (5 - (G- 55+ 55F) (39)
Substituting (37)-(39) into (35), we have
(1) = BT 12\ 5, V(202 Tt 2T2t§+25
f12)=m T\ Ty 6\ 15 " 3 3 5
251 b (TP 5 Tt N %3
1—ad \'5 30 6 3 '

Let TI(e19) = [[I(e12) — (w0 — 51621 /40)]/(s1b%). Then we have

(r2) (T? -3 [(t5  Ttr Tt 1 (T5 ] N Tt: T3 (40)
5 =" —| = — _— - — .
12 16517 60 ' 24 12 1—a\10 60 ' 12 6

Recall that the critical date t.(e12) satisfies (17), that is,
T? -2 1+ atd— ATt + 6T, +§
6 2"

]

51y l—a

Substituting the above equation into (40), we have

~ T2 —12) (14 atd — AT +6T%*t, t
H(alz):—( o) (1tole et + £
16 1-a 6 2
[t Tty T N L (T8 N Tt, Tt
60 24 12 1—a \10 60 12 6
(o= 2)t2 4+ 15723 — 10(a + 1)T342 + 15(a + 1) T, — 24T° (41)
N 240(a — 1) '
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By (41) and the relationship between II(-) and II(-), we have

81_[(612) 8ﬁ(612) _ I _ Ot. I Oo
240(

3512 = 0812 B 48(1 — Oé) 8512 1-— a)2 ‘ 88127

I =3(a+ 1)T? (T — t)* + (2 — ) (372 — £2)t2 + 2(a + 1) T34,

(42)

Iy =(T —t,) (16T4 +6T3(T — to) 4+ 14T%2 + (T* — Tt3) + (T* - tﬁ)).

It is obvious that -2 = ™2 > ( and I, > 0, and —-2 is positive by Corollary 4.1.

Oe12 mi Oe12

Moreover, substituting the symmetric condition €97 = 512m% /m% into 0 < g12607 < 1 in
Assumption 2(iv), we have o = e19mo/mq € [0,1). It implies 2 — o > 0, and thus I; is

positive. Therefore, %‘if) is positive because all components in (42) are positive. ]

Proof of Proposition 3. If €19 > Ro1, according to Lemmas A.3-A.5, we conclude that
Ao(t) > pa(t) for all ¢ € (0,7). Moreover, there exists a critical date t. € (0,7") such
that A2(t.) = 0, X\o(t) < 0 for ¢t € (0,t.) and A\a(t) > O for ¢t € (t¢, T). The optimal policy
now follows from Lemma A.2. Next, we will determine the critical date t.. The optimal

state variables x1(t) and y;(t) are

b

m(t) = 2 (T = )% = (te = %101 (1)), 1(t) = 0. (43)

Hence x1(0) = b(T? — t2)/2 and y;1(0) = 0. Substituting (43) into (26), we have

Aa(t) bsl((l +€12— € — 1 / / dsd7'+ bsl/ / (tc — 3)21[07tc)(s)d3d7'
7=0 Js5=0 s=0

a0+,

= (44)

The critical point ¢, is the solution to \a(t.) = 0. By (32) and (44), t. satisfies the following

equation

t2 — ATt + 6T2t2 tr p(T? -2
)5—1>C et C—i—bsl—c—gtczo,

ma
bsl((l e 12 4 Ay

1

which is equivalent to (20). O

Proof of Corollary 5.1. By taking total derivatives on both sides of (20) with respect to
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€12, €21, and 1/(s17), respectively, we have

ot. (M2 + e91)((te — 27)% + 2T7)t, 0
de1a ee12(2 + e01)(3(te — 3T)2 + 3T2) + 92 4 S =
ot. e2e1a(1 + €122 ((te — 2T)% + 2T2)t, 0
021 ee1a(22 +e91)(3(te — 3T)% + 5T2) + 92 4 S =
Ot _ T? — 2 ~0
A(1/(s17)) eer2(f2 +e21)((te — 3T)2 + 272) + 312 + 521%

A.4 Optimal Contracts for General Cases in Section 5.1

Recall Problem 2 and associated analysis in Sections A.1 and A.2. To derive the opti-
mal contract, we define the costates with assuming that e15/e91 = m?/m3. Under this

assumption, the following equality holds:

b (1 + 512mQ> e=b (1 +521ml> € = by.
mq mo

Then, from (26), the costates satisfy the following equation system:

A (t) = 25121 (t) — bosy (T — £)2, Ay (0) = %@,
Ao(t) = = (1), A2(0) = 0;
fun(t) = 25091 () — bosa(T — )2,y (0) = 220,

fr2(t) = —pa(t), p12(0) = 0.

The above system of equations, which determines the costates, is the same as that (i.e.,
equations (2) and (3)) presented in Yang (2010). In addition, the Hamiltonian given in
Section A.1 does not depend on the influence parameters 15 and e9;. Therefore, the
optimal contract is the same as that given in Yang (2010).

According to the electronic companion of Yang (2010), we have another type of optimal
contract. Specifically, if €12/€21 = m%/m% and s; > s, then, (i) A2(-) crosses zero from
below first at t. € (0,7, (ii) p2(-) exceeds Aa(-) at a date te € (te,T). Therefore, in the
optimal contract, (i) Agent 0 collects all the cash flows (i.e., b) before the cutoff date t.;
(ii) Agent 1 collects all the cash flows during (%, te); (iii) Agent 2 receives all the cash flows
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from t. until the end of the project. A more general case is discussed in Section 2.1 of
Yang (2010), that is, Agents 1 and 2 alternate in receiving all cash flows with an increasing

frequency after Agent 0 is fully compensated.
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Two-sided model in the general case
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Figure 1: This picture plots the expected social surplus versus the influence factor €19 in the
two-sided model. Other parameters are given as eo; = 0.1, m; = 0.2, mo =0.3, k1 = ko =1,
T=1b=1.
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Three-sided model in the symmetric case
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Figure 2: This picture plots the expected social surplus versus the influence factor €15 in
the symmetric case by setting 19 = £91. Other parameters are given as m; = mg = 0.5,
ki=ko=1,T=1,b=1,¢0=1,~v=1.
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