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Introduction

By generalizing the classical Arrovian problem of preference aggregation, the recent
literature on judgment aggregation (surveyed in List, Puppe and Polak (15) and
(16)) has established so close a relation between logic and Arrovian aggregation
theory that it has even been labelled “logical aggregation” in another recent survey
(20).
A model of judgment aggregation typically consists in a set of logically interconnected propositions (the agenda) expressed in a formal language and on which a
group of individuals has to reach a decision with the help of a rule that aggregates
the individual evaluations of these propositions, subject to the satisfaction of normatively desirable properties inspired from social choice theory, as the Pareto property
and some independence condition — the Pareto property being a particularly good
example of a condition whose normative appeal carries over from a welfare economic
to an epistemic context.
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Thus, the reformulation of Arrow’s theorem in such a framework is often used
as a benchmark for the model of judgment aggregation at hand.
This historical and expository note is written in the spirit of a rationalreconstruction approach to the history of economic thought (cf. e.g. (31)). We
provide a reconstruction of a version of Arrow’s theorem in a model-theoretic framework, in order to argue that this logical framework is not only consistent with Arrow’s original research program, but even congenial: One can make the far-reaching
claim that it was the methodology of the founding father of model theory, Alfred
Tarski, that allowed Arrow to appropriate the concept of winning coalitions introduced in von Neumann and Morgenstern’s seminal work (23) in a way that made
his famous impossibility result a model-theoretic preservation result avant la lettre,
i.e. before model theory started to grow to its maturity in the later 50es.
Roughly speaking, this significance consists in the formulation of the problem of
preference aggregation as a preservation problem that is typical for a certain branch
of model theory: On the one hand, the problem which Arrow’s theorem answers
in the negative is whether it is possible to preserve, at the “aggregate” or product
level, those properties of the individual factor models that qualify them as “rational”
preferences. And on the other hand, the preservation of first-order properties of
the factor models under product formation is a core problem in the subsequent
literature on model theory in the 60s and 70s (cf. e.g. (6))). In particular, Arrow’s
use of families of decisive coalitions anticipates the model-theoretic ultraproduct
construction, as was already noted by Hodges (11) in his historical account of model
theory.
Recently, Herzberg and Eckert (cf. e.g. (10)) have proposed a unified framework
for aggregation theory (including judgment aggregation) based on the aggregation
of model-theoretic structures, thus extending Lauwers and Van Liedekerke’s (14)
model-theoretic analysis of preference aggregation. This model-theoretic framework
for aggregation theory conceives of an aggregation rule as a map f : dom(f ) → Ω
with dom(f ) ⊆ ΩI , wherein I is a set of individuals, the electorate, and Ω is the
collection of all models of some fixed universal theory T (in a first-order language
L) with a fixed domain A. This map thus assigns to any direct product, or profile,
of models of T an L-structure that is also a model of T . Thus, in model-theoretic
terms, an aggregation rule is equivalent to an operation on a product of models of
some theory T that solves a so-called preservation problem by guaranteeing that the
outcome of this operation is again a model of T , i.e. that all the properties of the
factor models described by the theory T are preserved.
The fundamental observation in the model-theoretic analysis of aggregation is
that the preservation of certain properties of the individual factor models together
with a) some logical richness of the agenda in terms of the logical interconnections
of the propositions involved and b) some normative conditions on the aggregation
rule requires that this operation be some reduction of the direct product taken over
a family of subsets of the electorate. Once this observation has been made, the proof
of characterisations of aggregation rules (in the guise of (im)possibility theorems)
only requires relatively basic facts from model theory, such as the construction of
reduced products, ultraproducts, Loś’s theorem, and the properties of filters and
2

ultrafilters on finite sets. Dictatorship then immediately follows in the finite case,
if the aforementioned family of coalitions (subsets of the electorate) can be shown
to be an ultrafilter, because an ultrafilter over a finite set is the collection of all
supersets of some singleton – viz. the singleton containing the dictator.
While the significance of ultrafilters for proofs of Arrow’s impossibility result has
been well understood since the 70es (cf. (13) in particular, following (8) and (9)),
the important role of model theory in understanding Arrovian aggregation problems
has only been exploited in the 90es by Lauwers and van Liedekerke (14) – antedated
by a working paper by Brown (4), which unfortunately remained unpublished and
largely unknown.
Thus, the purpose of our reconstruction of the Arrovian problem of preference
aggregation in the framework of model theory is to show how Tarski’s methodological influence might have helped Arrow in appropriating von Neumann and Morgensterns concept of winning coalitions in view of the use of their algebraic properties.
Moreover, this reconstruction reveals the algebraic structures which underlie this
problem and thereby allows the derivation of an algebraic factorization result —
which in turn can be used for a further indirect ultrafilter proof of Arrow’s famous
impossibility theorem.

2

Historical and methodological motivation

From a methodological point of view, Arrow’s seminal 1951 monograph Social Choice
and Individual Values (2) is rightly famous for its introduction of the axiomatic
analysis of binary relations into economics – and welfare economics in particular
(28). While the context of justification of this approach to the modelling of social
welfare is the so-called ordinalist revolution of the 1930s, which put into question the
measurability and, a fortiori, the interpersonal comparison of utilities ((2), p. 9)1 ,
its context of discovery is Arrow’s exposure as a student to the work of the famous
logician Alfred Tarski, in particular to the algebra of relations in the 1940s (for
details to this aspect of Arrow’s intellectual biography, cf. (12), pp. 43-47). Tarski’s
inspiration fell on fruitful grounds, as Arrow admits having been “fascinated by
mathematical logic (...) as an undergraduate and even while in high school” ((1),
p. 1).
Thus, Arrow explicitly motivates the formal framework of binary relations used
for the representation of preferences by its familiarity “in mathematics and particularly in symbolic logic” ((2), p. 13), referring to Tarski’s famous Introduction to
Logic and the Methodology of the Deductive Sciences (30), which he had proofread
as a student.
More generally, Arrow’s analysis of the problem of preference aggregation can be
read as a straightforward application of the deductive method exposed in Tarski’s
textbook. Central to Tarski’s concept of a deductive theory is not only its derivation from a set of axioms, but the concept of a model of a theory obtained by an
interpretation of its terms that makes all the axioms (and thus the theory derived
1

For the relation of Arrovian social choice theory to the tradition of welfare economics, cf. (29).
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from them) true.2
Arrow’s representation of preferences by binary relations follows exactly the
format prescribed in the section on the “Model and interpretation of a deductive
theory” of Tarski’s textbook: “Rational” preferences are introduced as consisting
in binary relations on a set of alternatives that satisfy the two axioms of weak
orderings, completeness and transitivity (Axiom I and II in (2), p. 13), i.e. in Tarski’s
terminology as models or realizations of the axiom system of the theory of weak
orderings ((2), p. 13f.).
Thus, the central problem of Arrovian social choice theory – which is the characterization of a social welfare function which aggregates individual into social preferences subject to the satisfaction of normatively desirable conditions (such as the
Pareto property and independence of irrelevant alternatives) – becomes the problem of preserving these first-order properties of weak orderings in the construction
of “an ordering relation for society as a whole” that “may also be assumed to satisfy
Axiom I and II” ((2), p. 19).
While the construction of various types of products with the help of families of
sets on some index set would later play a central role in model theory (in particular
in Loś’s (17) fundamental theorem on ultraproducts), Arrow’s use of families of
“decisive sets of individuals” for the formalization of this problem is inspired by von
Neumann and Morgenstern’s concept of winning coalitions in their foundational
Theory of Games and Economic Behavior (23), to which Arrow often refers (cf. e.g.
(2), p. 59, fn. 1).
However, this approach is perfectly consistent with the semantic spirit of model
theory as it has its roots in another early semantical approach to logics. It was the
mathematician Karl Menger (18), (19) who first introduced families of subsets of
individuals into the logical analysis of norms, extensionally conceiving a norm as
the set of individuals accepting it (for a modern reconstruction of Menger’s deontic
logic, cf. (24)). Precisely this semantical approach was then explicitly propagated by
Morgenstern in his programmatic paper Logistik und Sozialwissenschaften (21) as a
model for the application of mathematical logic to the social sciences in general and
to economics in particular. This semantical approach can thus be even considered
a major source of inspiration for the Theory of Games and Economic Behavior, in
which winning coalitions, i.e. sets of individuals play a central role.
As we will see, it is the analysis of the algebraic properties of these families of
winning coalitions that will make the construction of the social ordering relation
(or social welfare function) equivalent to the model-theoretic ultraproduct construction. Thus, from an interpretational point of view, our reconstruction highlights the
close connection between the logical structure and the social structure involved in
problems of social choice.
2

This semantical approach can be seen not only as the conceptual intuition underlying the
further development of model theory (cf. e.g. (25)). It also accounts for the significance of model
theory for the epistemological analysis of those social sciences that can be subsumed under the
formal sciences, like theoretical economics (27).
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A model-theoretic view on Arrow’s theorem

In model-theoretic terms a binary relation constitutes the simplest relational structure, viz. an ordered pair A = hA, Ri consisting of a fixed domain A and the binary
relation R on it. In general model-theoretic terms a relational structure is defined
by fixing an arbitrary set A, and letting L be a language consisting of constant symbols for all elements a of A as well as (at most countably many) predicate symbols
Pn , n ∈ N, where, for all n ∈ N, the arity of Pn is denoted by δ(n). A relational
structure A = hA, hRn : n ∈ Nii is then called a realisation of L with domain A
or simply an L-structure with domain A if and only if the arities of the relations Rn
correspond to the arities of the predicate symbols Pn and the relations are evaluated
in A, that is, if Rn ⊆ Aδ(n) for each n.
An L-structure A is a model of the theory T if A |= ϕ for all ϕ ∈ T , i.e. if all
sentences of the theory hold true in A (with the usual Tarskian definition of truth).
In the framework of Arrovian preference aggregation, the language L has just a
single, binary relation symbol R, A is interpreted as the set of alternatives, and T
is the theory of weak orderings, which Arrow expresses (as a student of Tarski in
several respects) by the following universal sentences:
(i) ∀x∀y R(x, y) ∨ R(y, x) (completeness, Axiom I in (2)) and
(ii) ∀x∀y∀z R(x, y) ∧ R(y, z) → R(x, z) (transitivity, Axiom II in (2)).
However, Arrow is primarily interested in relations that express the intuition
of strict preference. It is in terms of strict preference that the central property
of non-dictatorship is formulated, a dictator being defined as an individual whose
strict preference determines the social ranking of any two alternatives. Consequently
Arrow explicitly reserves the term ‘preference relation’ to the linear ordering which
constitutes the asymmetric part of R and which he denotes by P .
Thus, we will use the equivalent axiomatization in terms of the asymmetric part
P of R:
(i’) ∀x∀y P (x, y) → ¬P (y, x) (asymmetry) and
(ii’) ∀x∀y∀z ¬P (x, y) ∧ ¬P (y, z) → ¬P (x, z) (negative transitivity)
A relation R satisfying properties (i) and (ii) can be defined by
∀x∀y R(x, y) :⇔ ¬P (y, x) as Arrow clarifies together with some further implications, as in particular the transitivity of P (Lemma 1 ((2), p. 14).
For our expository purposes and without great loss of generality, we will restrict
our attention to linear orders, i.e. to weak orders that satisfy the additional property
(iii’) ∀x∀y P (x, y) ∨ P (y, x) ∨ x = y.
Thus, in our model-theoretic reconstruction the (unique) binary predicate symbol P denotes strict preference.3
Let S be the set of atomic formulae in L, and let T be the boolean closure of S,
i.e. the closure of S under the logical connectives ¬, ∧, ∨.
3

Assumption (iii’) is not only customarily used for convenience. In its absence, Arrow’s dictatorship result no longer provides a characterization of social welfare functions satisfying the normatively
desirable core conditions of Pareto and independence of irrelevant alternatives (as dictatorship is
only defined in terms of the prevalence of the dictator’s strict preferences, there exist dictatorial
social welfare functions which do not satisfy independence of irrelevant alternatives, cf. e.g. (22)).
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Obviously, in our case, S = {P (x, y) : x, y ∈ A} and T is the set of L-sentences
which axiomatize the class of linear orders, i.e. the set of sentences (i’)–(iii’).
Denote by Ω the set of all models A = hA, P i of the theory of linear orderings T
with domain A and by I a (possibly infinite) set of at least two Q
individuals. Elements
of I will be called individuals, the direct (cartesian) products i∈I Ai which are the
elements of ΩI will be called profiles and will be denoted by A. Thus, ΩI represents
the set of all logically possible profiles of preferences.
Having fixed A and L once and for all, we shall sometimes identify an L-structure
hA, Ri with the asymmetric part P of the binary relation R.
A social welfare function is then a map f : ΩI → Ω which assigns to every profile
of individual preferences a social preference. (Observe that this definition already
implies the usual assumption of universal domain.)
As the concept of “decisive coalitions”, which is central to Arrow’s analysis of
social welfare functions, is so clearly inspired by von Neumann and Morgenstern’s
concept of “winning coalitions”, the latter will be consistently used for definitional
purposes.
Definition 1 A coalition C ∈ P(I) is said to be winning for the pair of distinct
alternatives x, y ∈ A under the social welfare function f : ΩI → Ω, if for all profiles
A ∈ ΩI
{i ∈ I : Ai |= P (x, y)} = C ⇒ f (A) |= P (x, y).
Winning coalitions can be used to express other properties of social welfare
functions. In particular, it is well known that the property of independence of
irrelevant alternatives plays a central role in Arrow’s theorem (cf. e.g. (5)).
Definition 2 A social welfare function f : ΩI → Ω satisfies independence of
irrelevant alternatives if for any pair of distinct alternatives x, y ∈ A and all
profiles A, A0 ∈ ΩI ,
{i ∈ I : Ai |= P (x, y)} = {i ∈ I : A0i |= P (x, y)}


⇒ f (A) |= P (x, y) ⇔ f (A0 ) |= P (x, y) .

Obviously, there exists a close connection between the families of winning coalitions and the condition of independence of irrelevant alternatives, which is captured
in the following proposition:
Proposition 3 A social welfare function f : ΩI → Ω satisfies independence of
irrelevant alternatives if and only if for any pair of distinct alternatives x, y ∈ A
f
there exists a family of winning coalitions W(x,y)
∈ P(I) such that for any profile
I
A∈Ω
f
f (A) |= P (x, y) ⇔ {i ∈ I : Ai |= P (x, y)} ∈ W(x,y)
Proof. Suppose f satisfies independence of irrelevant alternatives and let x, y be a
pair of distinct alternatives. For all A ∈ ΩI , define
C (A, x, y) = {i ∈ I : Ai |= P (x, y)},
6

and let


f
C(x,y)
= C (A, x, y) : A ∈ ΩI .

f
f
Next let g(x,y)
: C(x,y)
→ {0, 1} be such that
f
g(x,y)
: C (A, x, y) 7→



1, f (A) |= P (x, y)
0, f (A) |= ¬P (x, y).

f
Since f satisfies independence of irrelevant alternatives, g(x,y)
is well-defined. If
−1

f
f
we now put W(x,y)
= g(x,y)
{1}, we have found a family of winning coalitions as
postulated in the Proposition.
Given the informational equivalence of such an independent social welfare function with its families of winnings coalitions it comes as no wonder, that with nondictatorship and the Pareto property, the two other relevant properties can be expressed in terms of winning coalitions.

Definition 4 A social welfare function f : ΩI → Ω is non-dictatorial, if and
only if there does not exist an individual k ∈ I such that for any pair of distinct
alternatives x, y ∈ A,
f
W(x,y)
= {S ⊆ I : k ∈ S}.
(Otherwise, such an individual k is called dictator.)
Similarly, the familiar Pareto property can be formulated in the following way:
Definition 5 A social welfare function f : ΩI → Ω is paretian if and only if for
any pair of distinct alternatives x, y ∈ A
f
I ∈ W(x,y)

Interestingly, it is the largely uncontroversial Pareto property that will
strengthen independence to a neutrality property knwon in the literature on judgement aggregation as systematicity:
Definition 6 A social welfare function f : ΩI → Ω is systematic if and only if
for any pair of distinct alternatives x, y ∈ A there exists a single family of winning
coalitions W f ∈ P(I) such that for any profile A ∈ ΩI
f (A) |= P (x, y) ⇔ {i ∈ I : Ai |= P (x, y)} ∈ W f
Proposition 7 If a paretian social welfare function f : ΩI → Ω satisfies independence of irrelevant alternatives, it is already systematic.
This proposition follows, as is well known, from the so-called Contagion Lemma
in social choice theory.
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Lemma 8 (Contagion Lemma) Let f : ΩI → Ω be a paretian social welfare
function which satisfies independence of irrelevant alternatives. Then for any two
pairs of distinct distinct alternatives a, b ∈ A and x, y ∈ A
f
f
W(a,b)
= W(x,y)
.
f
f
Proof. Let a, b, x, y as above. It is sufficient to prove the inclusion W(x,y)
⊆ W(a,b)
as the converse inclusion will then follow from interchanging a, b, x, y.
f
Let hence C ∈ W(x,y)
. Since the domain of f is the whole of ΩI , we can construct
a profile A ∈ ΩI such that
a) {i ∈ I : Ai |= P (x, y)} = C = {i ∈ I : Ai |= P (a, b)} and
b) {i ∈ I : Ai |= P (a, x)} = {i ∈ I : Ai |= P (b, y)} = I, whence by the Pareto
property and C being a winning coalition f (A) |= P (a, x) ∧ P (x, y) ∧ P (y, b). Since
f (A) is ∈ Ω and thus complete and transitive, we may deduce f (A) |= P (a, b),
f
which in turn proves C ∈ W(a,b)
.
Independence of irrelevant alternatives is thus technically one of the most crucial
properties of Arrovian social welfare functions, but also interpretationally controversial. Interestingly, Arrow interprets this property by reference to voting, which
in turn is presented as a natural valuation of the preference judgment on any pair
of alternatives:
“The condition of the independence of irrelevant alternatives implies that in a
generalized sense all methods of social choice are of the type of voting. If S is the set
[x, y] consisting of the two alternatives x and y, (it) tells us that the choice between
x and y is determined solely by the preferences of the members of the community
as between x and y. That is, if we know which members of the community prefer x
to y, which are indifferent, and which prefer y to x, then we know what choice the
community makes” ((2), p. 27f.).
In our framework this means that each profile A ∈ ΩI (considered as a mapping
π : I → Ω) induces a mapping t : T → P(I) which maps each formula λ in the closure
of S under the logical connectives ¬, ∧, ∨ to the set of individuals {i ∈ I : Ai |= λ} in
the models of which it holds true. This mapping then determines the outcome of the
social welfare function. In this way, the power set algebra of the set of individuals
P (I) = (P(I); ∪, ∩, {, ∅, I), which we will call coalition algebra, becomes a natural
algebraic valuation of T , as it clearly preserves the logical connectives ¬, ∧, ∨.4
However, as the Boolean closure of a set of atomic formulae is not in itself a
Boolean algebra, the pivotal role of the coalition algebra is best seen with the help
of an algebraic factorization result for social welfare functions. For this factorisation
it is helpful to use the Lindenbaum algebra of the theory T .

Definition 9 Let ≡ denote provable equivalence given a theory T (i.e. φ ≡ ψ if and
only if T ∪ {φ} ` ψ and T ∪ {ψ} ` φ. The set of equivalence classes of L-formulae
under T is known as the Lindenbaum algebra and is denoted by L/ ≡.
4

That the use of the coaliton algebra as an algebra of truth values leads to a (trivial) possibility
result was first shown by (26). For the significance of boolean-valued aggregation rules, cf. (7).
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First, and in view of the central role of the coalition algebra, the set ΩI of all
possible profiles (considered as mappings π : I → Ω) induces for any given profile
A ∈ ΩI a map
H(·, A) : L/ ≡→ P (I),

h[λ]≡ , Ai 7→ {i ∈ I : Ai |= λ},

which assigns to each class of formulae [λ]≡ the coalition {i ∈ I : Ai |= λ} of all
individuals in whose models λ is satisfied. By the soundness of `, this map is welldefined. Moreover, it is a homomorphism, as can be seen from Tarski’s definition of
truth.
On the other hand, it is also obvious that any social welfare function f induces
for any given profile A ∈ ΩI a truth valuation as another homomorphism

1, f (A) |= λ
A
V (·, A) : L/ ≡→ {0, 1}, h[λ]≡ , Ai 7→ kλkf =
,
0, f (A) 6|= λ
between the Lindenbaum algebra and the algebra of (classical) truth values {0, 1}.
Consider now the binary relation hf defined
by


A
I
{i ∈ I : Ai |= λ} = C & kλkf = v
hf (C, v) ⇔ ∃[λ]≡ ∈ L/ ≡ ∃A ∈ Ω
for all C ∈ P (I) and v ∈ {0, 1}.
If the social welfare function f is systematic, this relation will be a function
hf : P (I) → {0, 1}, and it will admit the following factorization for any A ∈ ΩI :
H(·,A)

−→
.hf

L/ ≡
V (·,A) ↓
{0, 1}

P (I)

An algebraic understanding of the coalition algebra, enables us to complete
the proof of Arrow’s theorem: We shall first verify that hf is a homomorphism
of Boolean algebras. We will then be able to deduce that the family of winning
coalitions forms an ultrafilter5 This is most easily done with the help of the following well-known result from Boolean algebra:
Lemma 10 Consider the mapping g : B1 → B2 , where B1 and B2 are Boolean algebras. If g preserves complements, then it preserves meets if and only if it preserves
joins. In that case, g is a homomorphism and the set F = {x ∈ B1 : g(x) = 1} is a
filter, and even an ultrafilter if B2 = {0, 1}.
5

Recall that a filter on the set I is a family W ∈ P(I) such that
(F1) W 6= ∅ and ∅ ∈
/ W (non-triviality)
(F2) U ∩ V ∈ W for all U, V ∈ W (finite intersection closure)
(F3) V ∈ W whenever V ⊇ U for some U ∈ W (superset closure).
A filter is principal if it is generated by some non-empty set X ⊂ I, i.e. if it is of the form
W = {U ⊆ I : X ⊆ U }.
An ultrafilter W on the set I is a filter on I such that for any U ⊆ I either U ∈ W or I\U ∈ W
(but not both).
The so-called Ultrafilter Theorem asserts that an ultrafilter on I is a “finest possible” filter on I,
i.e. a maximal filter when ordering filters on I by set-theoretic inclusion. It is not difficult to deduce
that an ultrafilter is principal if and only if there exists some k ∈ I such that W = {U ⊆ I : k ∈ I}.

9

Combining this lemma with the above factorization we thus obtain an alternative
indirect proof of the ultrafilter structure of the family of winning coalitions for our
social welfare function.
Theorem 11 Let f : ΩI → Ω be a paretian social welfare function which satisfies
independence of irrelevant alternatives. Then the corresponding family of winning
coalitions W f is an ultrafilter on I.
Proof. We first verify that hf preserves complements:
For any C ∈ P (I) therewill be λ ∈ S such that C = H([λ]≡ , A). This means
h({C) = h {H([λ]≡ , A)
= h (H([¬λ]≡ , A))
= V ([¬λ]≡ , A)
= V ([λ]≡ , A)∗
= h(H([λ]≡ , A))∗
= h(C)∗
It remains to verify that hf preserves meets:
For any C, C 0 ∈ P (I), there will be λ, µ ∈ S such that C = H([λ]≡ , A) and
C 0 = H([µ]≡ , A). This means
h(C ∩ C 0 ) = h (H([λ]≡ , A) ∩ H([µ]≡ , A))
= h (H ([λ]≡ ∧ [µ]≡ , A))
= V ([λ]≡ ∧ [µ]≡ , A)
= V ([λ]≡ , A) u V ([µ]≡ , A)
= h(H([λ]≡ , A)) u h (H ([µ]≡ , A))
= h(C) u h(C 0 )
By the first half of the previous lemma, we conclude that hf preserves joins, too,
and thus is a homomorphism. But W f = hf −1 ({1}). Hence, by the second part of
the previous lemma, W f is indeed an ultrafilter.
In light of the fact that ultrafilters on a finite set are always principal, one obtains
Arrow’s theorem as the following simple corollary:
Corollary 12 Let f : ΩI → Ω be a paretian social welfare function which satisfies
independence of irrelevant alternatives. If I is finite, then f is dictatorial.
Now, a major model-theoretic significance of ultrafilters consists in their role in
the construction of restricted ultraproducts A/W by the reduction of a direct product
A over an ultrafilter W. Herein, reduction means that two profiles are identified in
the ultraproduct if the coalition of all individuals to which both profiles assign the
same preferences is an element of the ultrafilter.6
6

More formally, for all A, A0 , define a relation ∼W by

A ∼W A0 ⇔ i ∈ I : Ai = A0i ∈ W.

Since W is an ultrafilter, one can verify that ∼W is an equivalence relation. By A/W we denote
the equivalence class of A under ∼W .
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Theorem 13 Let f : ΩI → Ω be a paretian social welfare function which satisfies
independence of irrelevant alternatives. Then there exists some ultrafilter W on I
such that for any profile A ∈ ΩI , f (A) = A/W.
Proof. Let W be the coalition of winning coalition under f . We have previously
shown it to be a filter. Combining the definition of systematicity with the definition
of an ultrafilter, we obtain for every A ∈ ΩI and all x, y ∈ A,
f (A) |= P (x, y) ⇔ {i ∈ I : Ai |= P (x, y)} ∈ W f ⇔ A/W f |= P (x, y),
which completes the proof.
Now, an important aspect of the use of ultraproducts in model theory is that
they yield, through Loś’s theorem, so-called preservation results, i.e. results about
the preservation of first-order properties of relational structures (through Loś’s theorem). Arrow’s theorem is itself a result about the possibility of preserving such
properties in the presence of other conditions: One of its key assumptions is that
the range of f consists of structures which satisfy the theory T . This is reflected
by our derivation of Arrow’s theorem as well: Its pivotal part was the Contagion
Lemma, whose proof crucially rested on the assumption that f (A) is a model of T
for every A ∈ ΩI .
One can compare Arrow’s impossibility theorem with Fishburn’s possibility theorem (8) by noting that the former is a negative model preservation result, while
the latter is a positive one. In model-theoretic terms, Fishburn’s possibility theorem
becomes a converse of the previous theorem:
Theorem 14 Let W be an ultrafilter on I and define a mapping f : ΩI → A × A
by f (A) = A/W for all A ∈ ΩI . Then f : ΩI → Ω is a paretian social welfare
function which satisfies independence of irrelevant alternatives. If I is infinite, f
can be chosen non-dictatorial.
Proof. Let A ∈ ΩI . Since each Ai is a model of T and T is universal, f (A) = A/W
must be a model of T , too. Therefore, f (A) ∈ Ω for every A ∈ ΩI . Verifying the
Pareto property and independence of irrelevant alternatives is straightforward – as
is the demonstration of non-dictatorship for non-principal W.

4

Conclusion

Our reconstruction of the Arrovian problem of preference aggregation in the framework of model theory shows how Tarski’s methodological influence might have helped
Arrow in appropriating von Neumann and Morgenstern’s concept of winning coalitions in a way that allows to exploit the algebraic structures involved in this problem.
The algebraic factorization result that can thus be obtained provides another, indirect ultrafilter proof of his famous dictatorship result. Moreover, the equivalence
of an Arrovian social welfare function with an ultraproduct construction gives his
result the flavour of a model-theoretic preservation result avant la lettre.
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Bettina Brüggemann, Jörn Kleinert, Esteban Prieto: The Ideal Loan and the
Patterns of Cross-Border Bank Lending

02–2012

Michael Scholz, Jens Perch Nielsen, Stefan Sperlich: Nonparametric
prediction of stock returns guided by prior knowledge

01–2012

Ronald Wendner: Ramsey, Pigou, heterogenous agents, and non-atmospheric
consumption externalities

